


2. If i> r then 







*

0
 
k  

 If i> r, consumers will be more encouraged to increase their savings under the 
funded scheme (with the highest return) than under the free savings scheme. This 
shift can be so strong that it leads to a decline in total savings and hence a decline 
in capital stock. 

3. If i< r then 






*

0k , we note that there can be no substitution of free savings 

with the funded scheme. On the contrary, savings under the funded scheme 
(compulsory) are added to free savings. The total savings increase and 
consequently capital stock also increases. This can be observed in the function of 
total savings: 
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or even 

et
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RP+ 
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    


 



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1

1
2 1 t t

t

w r i
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where eSM is the total savings of an economy with a mixed pension system and eRP 

is the total savings of an economy with a pure pay-as-you-go system.  

3. SIMULATIONS WITH A COMPUTABLE GENERAL EQUILIBRIUM MODEL WITH 
OVERLAPPING GENERATIONS 

3.1 The Model 

In this section we proceed to an extension of the theoretical OLG model. In 
CGEM-OLG, a representative agent of the entire cohort maximises their welfare, 
which is modelled by an inter-temporal utility function. An economic policy 
implementation will affect consumer behaviour through various impacts on their 
optimal choice. Our model’s structure is similar to that of Kotlikoff and Auerbach 
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(1987), Rasmussen and Rutherford (2004), Abdessalem and Chekki Cherni 
(2010), Abdessalem and Chekki Cherni (2016 a and 2016 b). However, the 
present work differs mainly by changing the base year of the analysis, so we match 
more realistic observations and medium- and long-term forecasts, taking into 
account the new socioeconomic context of Tunisia after the 2011 revolution. The 
model is constructed of four blocks:17 households, producers, the pension system, 
and equilibrium conditions. We suppose a closed economy and an exogenous 
labour supply.  

3.1.1 Block 1: Household  

Household behaviour assumes perfect foresight and rationality. A representative 
consumer of each generation maximises their intertemporal preferences 
represented by the following function:  

   






 
   
, , ,

1
1

t gg N

g t g t g t
t g

U c Log c  (35) 

We choose a logarithmic form to follow the theoretical model developed in the 
previous sections. ,g tc  is the consumption of an individual member of age-group 
g at time t and ρ represents the pure rate of time preference. 

At time t, when the agent is active they pay τt Wt as contributions to the PAYG 
pension system and σt Wt to the complementary funded plan, and et denotes free 
savings. All funded benefits (Cap), remunerated at a rate of ,c

tr  are supposed to 
be paid at first retirement. In the simulations procedure we consider three 
scenarios: c

tr  higher, lower, or equal to rt . Pen is PAYG pension. 

The intertemporal budget constraint is written as follows (Appendix 3):18 

                                                            
17  For more details of the calibration procedure see Abdessalem and Chekki Cherni 2010, 2016 a). 
18  See Appendix 3 for proof. 
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  (36) 

where 

 t tμ WtPen   (37) 

μ is the replacement rate. 

 
 

  


 
1

11
g R

c
t g R t t t

t g

Cap r W   (38) 

Maximising the utility function (1) under intertemporal budget constraint (2) 
gives the optimal consumption of a household belonging to generation g at each 
period of its life cycle, according to the consumption of the previous period: 




 

  
   

1
1, 1 ,

1
1

t
g t g t

r
c c  (39) 

The optimal choice for saving is then: 

         , , 1 ,1 1g t g t t t t t g te e r W c  (40) 

3.1.2 Block 2: Producers 

A perfectly competitive market is assumed.19 A single composite good whose 
price is equal to unity is produced with a Cobb-Douglas production function:  

                                                            
19  This situation will be considered as the baseline scenario to which simulation results will be 

compared. The different return rates for free savings and pension savings will be considered in 
the simulation scenarios (model shocks). 
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   1
t t tY K Le  (41) 

where Y is real output, K is real value of the capital stock, Le is the effective labour 
force, α is the capital income share, and   is a scaling variable. 

Let = Lt At (42) 

where Lt is the number of workers and At is exogenous technical progress.  

At=At-1(1+gpp) (43) 

From first-order conditions of profit maximisation: 

     1 1
t t tr K Le  (44) 

      1t t tw K Le  (45) 

where rt is the interest rate, δ is the rate of capital depreciation, and w is the wage 
rate per unit of effective labour. 

The capital stock equation is: 

    1   1t t tK I K  (46) 

3.1.3 Block 3: Pension system 

For the PAYG scheme we have  t t t tCOT SM L  

  1 (1 )t t tL gap L  (47) 

  Ret
t t t tPrest SM L  (48) 

  1 (1 )Ret Ret
t t tL gop L  (49) 
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where    the total amount of contributions,  tCOT is SMt is the average wage, gapt is 
workers’ growth rate, tPrest  is benefits paid,   Ret

tL  is the number of retirees, and 
gopt is the retired population’s growth rate. 

For the complementary funded plan:  

 t t t tCAP SM L  (50) 

where    tCAP is funded benefits.  

3.1.4 Block 4: Equilibrium conditions 

For the purpose of model closure, three equilibrium conditions of the labour 
market, capital market, and composite goods market must be held:  

Labour market: 






1

,
0

R

t g t
g

L H  (51) 

where Hg,t is the number of workers in age-group g . 

Capital market: 

  t t tI S CAP  (52)  

where St is aggregate free savings. 

Composite goods market: 

  t t tY C I  (53) 

where  



 , ,
0

N

t g t g t
g

C c H  (54) 
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3.1.5 Calibration to the case of Tunisia 

i. The Tunisian pension system situation 

The Tunisian pension system is a PAYG-defined benefit scheme. Depending on 
the sector of activity, the pension schemes are managed by two independent 
funds: the National Pension and Social Insurance Fund (NPSIF) for the public 
sector and the National Social Security Fund (NSSF) for the private sector. The 
gap between pension contributions and benefits has been growing for several 
years. The financial situation of the pension system is critical: to honour pension 
scheme commitments to current retirees the government needs to balance 
revenue and expenditure.  

Financial pension system deficits are a structural problem that is caused by several 
factors, notably the lower economic growth (mainly) after the Tunisian social 
revolution, and the exacerbation of labour market problems, particularly wage 
base reduction and unemployment. This situation is detrimental not only to the 
pension system but also to the state’s budget balance. Further pressure on the 
public budget would limit the possibility of government spending on social areas 
in general and pensions in particular. 

In this context, it is important that financial pension system reforms do not make 
the situation even worse. For this reason, the main objective of calibrating the 
model to Tunisian data is to draw a prospective analysis of relevant reform 
policies and to quantitatively evaluate their economic impact. CGEM-OLG is 
used to quantify the consequences of various pension reform measures on the 
pension system and on the economic variables. Considering various scenarios 
and their numerical results can reveal the magnitude of changes in the different 
economic variables compared to a baseline scenario. Thus, it is possible to draw 
conclusions to guide governments in feasible pension system reform. 

ii. Parameter calibration 

Some parameters of CGE models are specified according to an econometric 
approach, while others are determined by a calibration procedure (Appendix 4). 
This involves solving the model by reversing the status of the variables: the values 
of the economic variables (in principle endogenous) are fixed at their levels 
observed during the base year, and the values of the parameters are left free. We 
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then seek the values of the parameters that are consistent with social accounting 
matrix data; i.e., those which make it possible to reproduce reality (for more 
details of the calibration procedure see Abdessalem and Chekki Cherni 2010, 
2016 a). 

Preferences: Time preference rate ρ is calibrated using the first order conditions 
of the consumer’s maximisation programme and respecting a constraint on the 
aggregation of household consumption (see Ramussen and Rutherford 2004). 

The production function: Using the expression of marginal productivity of factors 
and the respective values of production and labour income for the base year, we 
can calibrate α, the share of capital income.20 

The pension system: The equilibrium PAYG contribution rate is defined to ensure 
equality between pension system contributions and benefits in the base year. The 
replacement rate, μ, is chosen to reproduce the value of the benefits for the base 
year. The calibrated values are average values of the private (NSSF) and public 
(NPSIF) systems. 

The demographic parameters: Some data on demographic variables and their rate 
of growth are taken from National Institute of Statistics (NSI) forecasts, others 
(for 2034–2040) are taken from United Nations forecasts,21 and to complete 
missing information we made assumptions for long-term evolution. 

3.2. Simulation Results for a complementary funded pillar 

We suppose that funded contribution rate  t  changes from the value of zero in 
the baseline scenario to a value of 1%. This is a low contribution level, but we 
must bear in mind that households continue to finance the PAYG scheme. Since 
our purpose is to illustrate the previous theoretical findings, we do not suppose 
any pension replacement decrease (see previous work on this scenario in 
Abdessalem and Chekki Cherni 2016 a). Three scenarios are simulated: c

tr  higher, 
lower, and equal to rt.22 Figure 1 illustrates the effects on capital accumulation, 

                                                            
20  Econometric estimates for Tunisia yielded a very close value. 
21  http://esa.un.org/unpop/ 
22  We were interested in this figure mainly because of transitional dynamic effects (see more 

details in our previous work, Abdessalem and Chekki Cherni 2016 a).  
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which depend on the difference between the returns of funded pensions and the 
interest rate of free savings: 

Simulation results, in the case of equality between the two remunerations, show 
that capital stock is indifferent to the contribution rate of the funded pension 
scheme: we find that increased compulsory savings replace the same amount of 
decreased free savings, so there is no change in capital accumulation.  

In the case where rc < r, simulation results show that, compared to the baseline 
scenario, capital stock increases. Total saving increases since pension savings and 
free savings consolidate capital accumulation. 

In the case where rc > r, simulation results show that capital stock decreases 
compared to the baseline scenario. Funded saving increases at the expense of free 
savings, which deconsolidate capital accumulation via the crowding-out effect. 

Figure 1: Effects of Complementary Funded Pension on Capital Accumulation, 
2010–2075  

 
Source: Authors’ calculations 

The implemented CGEM-OLG evaluates the effects of demographic transition in 
Tunisia and analyses policies for the reform of the Tunisian pension system, the 
policies’ effects on the system’s financial stability, and their socioeconomic 
impact. As the purpose of this paper concerns the effect of complementary 
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pension funds on capital accumulation, we limited our results to this measure. 
Unlike in Abdessalem and Chekki Cherni 2010 and 2016, we proceeded to a 
sensitivity analysis in which we considered various values of the funded 
contribution rate   t . Other sensitivity analyses were conducted with respect to 
model key parameters and some functions, particularly the utility function, by 
changing the logarithmic form. Sensitivity analyses suggest that the results are 
remarkably stable. 

4. CONCLUSION 

The main aim of this paper is to conduct an analysis to guide effective pension 
reform, highlighting the effects of reform measures on capital accumulation and 
consequently economic growth.  

Using a theoretical overlapping generations model, we found that under a pure 
pay-as-you-go system the equilibrium capital stock and the pension system’s 
parameters (τ,μ) vary in opposite directions. Our second aim was to examine 
capital accumulation under a mixed pension system, PAYG and a 
complementary funded pillar, in which we differentiate between returns on free 
savings and returns on funded pension savings. This has not been much 
examined in the literature: usually the merits of the pure pay-as-you-go scheme 
and the pure funded pension scheme are compared. Our analysis allows us to 
compare the levels of per capita capital stock with and without pension funds (in 
a steady state) for three possible cases of pension savings return rate (compared 
to the free savings return rate). Our research shows that the funded scheme does 
not necessarily lead to an increase in capital stock. In the case of under-
accumulation, under our analysis shows that such a measure is beneficial only 
when the rate of return is lower for pension savings than for free savings.  

The theoretical assumptions were then empirically simulated based on replicable 
Tunisian data using a computable general equilibrium model with overlapping 
generations. The main conclusion is that it is possible to promote capital 
accumulation if the savings return rate for a funded pension is lower than that for 
free savings.  

In a first scenario, we simulated the effects of introducing a complementary 
funded pension. The results show a crowding-out effect between free savings and 
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pension savings (which are remunerated at the same rate). This finding confirms 
the classical result of economic theory in this context. 

In a second scenario where the pension savings return rate is higher than the free 
savings return rate, the simulations reveal a decrease in free savings, total savings, 
and total stock of physical capital (compared to the baseline scenario). In this 
case, savings via the pension fund increased at the expense of free savings. The 
crowding-out effect was so great it caused a decline in total saving, and thus a 
decline in capital stock (in comparison to the baseline scenario). 

In a third scenario, funded pension savings were assumed to be remunerated 
below the market rate. The simulation results showed that free savings decrease 
but total savings (free and pension savings) increase. The crowding-out effect is 
no longer strong so pension savings are added to free savings, total saving 
increases, and consequently the capital stock increases (always compared to the 
baseline scenario and under model assumptions). 

The simulation results, using our computable general equilibrium model with 
overlapping generations, can be summarised as follows: economic activity 
(physical capital accumulation) can only be stimulated if compulsory pension 
savings are remunerated at a lower rate than free savings. 

This paper contributes to the theoretical and empirical debate on pension 
reforms. 

It shows that introducing funded plans is not synonymous with boosting 
economic growth. By generalising the theoretical modelling to several periods 
and 55 generations and using an inter-temporal computable general equilibrium 
model it provides a prospective analysis and shows that whether pension reform 
promotes capital accumulation and economic growth depends on the rate of 
return on funded pension savings relative to free savings. 
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APPENDIX 1 

Reaction of capital stock to the various parameters of the pension system 
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If 

 
 



 
   
     

2

1
 

1

x Ax
Ax

x

  then 




x  < 0 
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 
 


  

αk 1 xk  
1 α

 ; then 






k 0  

Funded scheme contribution rate  

We use the same variable changes as before: 

     
  

   
          

1   1
  1

1
i xxx A

x x
 

  
 

   



 
 

           
2

1 
1 1

1

x r iA
r A i

x

 

 
 


  

αk 1 xk  
1 α

 ; then 
 

     
 



    



 
 

           
2

k 1 
1 1 1

1

A r i
k

r A i

x
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APPENDIX 2 

Transitional dynamic  

Proposition 3 is also true for the transitional dynamic (Fig. 2 and Fig. 3). 
According to the equation of capital stock accumulation with a mixed system, we 
have: 





1 0t

t

k
k

 

In the case of the pay-as-you-go pension system, we can then write: 

     1  1         . RP RP SM SM
t t t tk f k and k f k  

If  f  is strictly increasing 



1 0t

t

k
k

, the dynamic of k is monotonous. 

* For i>r, we found that if 

     1  1           . RP SM RP SM
t t t tk k then f k f k  

If we index T as the period when the funded pension scheme is introduced, then  

    RP SM
T Tk k  and for all t >T we have      .RP SM

t tk k  

*In the same way, for i<r, if  

     1  1            SM RP SM RP
t t t tk k then f k f k  

and 

    RP SM
T Tk k , for all t >T we have  .

     SM RP
t tk k  
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Figure 2: Capital stock accumulation for transitional dynamic (i>r).  

 
Source: Authors’ calculations 

Figure 3: Capital stock accumulation for transitional dynamic (i<r) 

 
Source: Authors’ calculations 
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APPENDIX 3 

Proof for Inter-temporal Budget Constraint 

The successive budget constraints (through the life cycle) of an individual 
belonging to generation g are written : 
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The summation of the terms on the left side of each equation equals the 
summation of the terms on the right side. After sipmlifying saving expressions 
we obtain: 
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Which leads to 

 

With  

N=10 (11 periods) 

R=8 (beginning of the retirment period) 

g= 0,1,2,3………10 (11 generations from generation 0) 
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APPENDIX 4 

Table 1: Calibrated Parameters for CGEM-OLG (2010) 

Parameters set  
n (baseline) 0.01 
r (baseline) 0.05 
R 8 
σ (baseline) 0 
calibrated parameter  
ρ  0.028 

A 0.828 
δ  0.07 
α 0.4 
τ (base year) 0.14 
μ 0.67 

Source: Authors’ calculations 
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1. INTRODUCTION 

Many modern economies consist of multiple socio-cultural groups. Different 
groups have different habits, customs, and attitudes to the family and having 
children. Even if we assume that a society is fair and there is no discrimination, it is 
reasonable to consider that cultural differences may result from differences in wealth, 
income, and population. In order to explain the consequences of differences in 
values and human capital between groups, this study deals with dynamic 
interdependence between different groups’ birth rates, mortality rates, populations, 
wealth accumulation, and time distributions between work, leisure, and childcare. 
We emphasise the role of changes in human capital, technology, and preferences 
regarding birth and mortality rates and time allocation. The basic economic 
structure is based on Walrasian general equilibrium theory, and wealth 
accumulation is based the Solow growth model. We use an alternative utility 
function proposed by Zhang (2015) to describe the behaviour of households. In my 
approach, wealth and income inequality is due to heterogeneity in households’ 
preferences and human capital levels, as well as in households’ initial wealth. We 
also model gender differences in human capital, the propensity to use leisure time, 
and the efficiency of childcare. We model the dynamics of group differences in 
wealth, income, birth rates, mortality rates, and populations.  

This study is based on some traditional economic theories. The economic aspects of 
this paper are strongly influenced by neoclassical growth theory. The seminal paper 
in the field is the Solow model. The theory is mainly concerned with endogenous 
physical capital or wealth accumulation (Solow, 1956; Burmeister and Dobell, 1970; 
Azariadis, 1993; Barro and Sala-i-Martin, 1995). The model of this study is built 
within the framework of neoclassical growth theory. We follow Solow in modelling 
economic production and wealth accumulation, but analyse household behaviour 
through the approach proposed by Zhang (1993). The model is also influenced by 
the Walrasian general equilibrium theory of pure exchange and production 
economies (Walras, 1874; Arrow and Debreu, 1954; Debreu, 1959; Arrow and Hahn, 
1971; Arrow, 1974; and Mas-Colell et al., 1995). The model in this study is Walrasian 
in the sense that for given levels of wealth there are competitive market equilibria 
with heterogeneous industries and households. As the Walrasian general theory fails 
to be generalised and extended to the growth theory of heterogeneous households 
with endogenous wealth (e.g., Morishima, 1977; Diewert, 1977; Eatwell, 1987; 
Dana et al. 1989; Jensen and Larsen, 2005; Montesano, 2008; Impicciatore et al., 
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2012), we apply neoclassical growth theory to introduce the wealth accumulation 
of heterogeneous households. 

Although endogenous population dynamics are mostly neglected in the main 
streams of economic growth theory, interaction between economic growth and 
population change has been a challenging question in economics even since Malthus 
published An Essay on the Principle of Population in 1798. This study examines 
dynamic interactions between wealth accumulation and population change with 
endogenous birth rates and mortality rates in a multi-group neoclassical growth 
framework. Many factors influence fertility, such as changes in the gender gap in 
wages (Galor and Weil, 1996), labour market frictions (Adsera, 2005), and age 
structure (Hock and Weil, 2012). Bosi and Seegmuller (2012) study the 
heterogeneity of households in terms of capital endowments, mortality, and costs 
per surviving child. Varvarigos and Zakaria (2013) examine interactions between 
fertility choice and expenditures on health in the traditional overlapping-
generations framework. Another determinant of population change is the mortality 
rate (Robinson and Srinivasan, 1997; Lancia and Prarolo, 2012). There are many 
studies on the relation between economic growth and endogenous longevity (e.g., 
Blackburn and Cipriani, 2002; Chakraborty, 2004; Hazan and Zoabi, 2006; Balestra 
and Dottori, 2012 and many theoretical models of longevity (e.g., Boucekkine et al. 
2002; Lee and Mason, 2010; and Ludwig et al., 2012). 

This study is strongly influenced by the literature of neoclassical growth theory and 
the literature of population growth and economic development. A unique 
contribution of this paper is that it models the population growth of multiple groups 
in the framework of the Solow growth model with endogenous wealth accumulation 
and gendered time allocation between work, leisure, and childcare. The paper 
analyses the link between the growth of wealth, economic growth, the gender 
division of labour, and population growth. Physical capital accumulation is built on 
the Solow growth model. The birth rate and mortality rate dynamics are influenced 
by the Haavelmo population model and the Barro-Becker fertility choice model. 
These dynamic mechanisms are synthesised in a compact framework, applying an 
alternative utility function proposed by Zhang (1993, 2020). The model is a synthesis 
of two of my earlier models. The first of these (Zhang, 2012) developed a model of 
economic growth with a gender division of labour assuming a constant population, 
while the second (Zhang, 2015) developed a growth model with endogenous 
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population with a homogenous household. Zhang (2013) developed a similar model 
with endogenous education. This paper is based on Zhang (2016), which deals with 
a multi-country economic system in which each national economy has a 
homogenous population. This paper is concerned with a case in which a single 
economy consists of multiple socio-cultural groups, a commonly observed feature 
of many national economies.  

The paper is organised as follows. Section 2 introduces the basic model with wealth 
accumulation and population dynamics. Section 3 simulates the model. Section 4 
carries out comparative dynamic analysis with regards to some parameters. Section 
5 concludes the study. 

2. THE BASIC MODEL 

The model is a synthesis of my earlier models (Zhang, 2012, 2015, 2016). The 
production aspects are based on the Solow growth model (Solow, 1956). The 
economy has one sector, producing a single commodity for consumption and 
investment. Capital depreciates at a constant exponential rate, 0.03 , which is 
independent of the manner of use. The technology of the production sector is 
characterised by constant returns to scale. All markets are perfectly competitive. 
Factors are inelastically supplied and the available factors are fully utilised at every 
moment. Saving is undertaken only by households. All earnings of firms are 
distributed in the form of payments to factors of production. Households own the 
assets of the economy and distribute their income between consumption, childcare, 
and wealth accumulation. The population of each gender is homogeneous. We 
assume that each family consists of husband, wife, and children. All the families are 
identical. We use subscripts 𝑞𝑞 �  1  and 𝑞𝑞 �  2  to stand for male and female 
respectively. The population is classified into 𝐽𝐽 groups, each group with population 
2𝑁𝑁��𝑡𝑡�. We use 𝑁𝑁��𝑡𝑡� to stand for the population of each gender in group 𝑗𝑗. We 
use �𝑗𝑗, 𝑞𝑞�  to index a person of gender 𝑞𝑞  in group 𝑗𝑗.  Let 𝑇𝑇���𝑡𝑡�  and 
𝑇𝑇����𝑡𝑡� stand for work time and time spent on childcare by �𝑗𝑗, 𝑞𝑞�, and 𝑁𝑁� �𝑡𝑡� for the 
flow of labour services used in time 𝑡𝑡 for production. We have 𝑁𝑁� �𝑡𝑡� as follows: 

𝑁𝑁� �𝑡𝑡� � ∑ �ℎ�� 𝑇𝑇���𝑡𝑡� � ℎ�� 𝑇𝑇���𝑡𝑡��𝑁𝑁��𝑡𝑡��
���  (1) 

where ℎ�� is the level of human capital of person �𝑗𝑗, 𝑞𝑞�.  
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2.1 The production sector  

The production sector uses capital and labour as inputs. Let 𝐾𝐾�𝑡𝑡� stand for the 
capital stock at time. The following form of the production function is: 

𝐹𝐹�𝑡𝑡� � 𝐴𝐴 𝐾𝐾��𝑡𝑡� 𝑁𝑁� ��𝑡𝑡�,𝛼𝛼,𝛽𝛽 � 0,𝛼𝛼 � 𝛽𝛽 � 1  (2) 

where 𝐹𝐹�𝑡𝑡�  is the output level, and 𝐴𝐴,𝛼𝛼,  and 𝛽𝛽  are parameters. Markets are 
competitive: thus labour and capital earn their marginal products. Profit is given by:  

𝐹𝐹�𝑡𝑡� � �𝑟𝑟�𝑡𝑡� � ���𝐾𝐾�𝑡𝑡� � 𝑤𝑤�𝑡𝑡�𝑁𝑁� �𝑡𝑡�. 
The marginal conditions are: 

𝑟𝑟�𝑡𝑡� � �� � � ����
���� ,𝑤𝑤�𝑡𝑡� � � ����

�� ��� ,𝑤𝑤���𝑡𝑡� � ���  𝑤𝑤�𝑡𝑡� (3) 

2.2 Consumer behaviour 

We use an alternative approach to the household proposed by Zhang (1993). 
Households decide on their time allocation, their consumption level, their number 
of children, and their amount of saving. To describe the behaviour of consumers, we 
denote wealth per family by 𝑘𝑘���𝑡𝑡�.  Current income per family from interest 
payments and wage payments is: 

𝑦𝑦��𝑡𝑡� � 𝑟𝑟�𝑡𝑡�𝑘𝑘���𝑡𝑡� � ����𝑇𝑇j1�𝑡𝑡� � ���𝑇𝑇j2�𝑡𝑡��𝑤𝑤�𝑡𝑡�. 

We call 𝑦𝑦��𝑡𝑡�  the current income, in the sense that it comes from consumers’ 
payment for effort and consumers’ current earnings from the ownership of wealth. 
The total value of wealth that a family can sell to purchase goods and to save is equal 
to 𝑘𝑘���𝑡𝑡�.  Here, we assume that selling and buying wealth can be conducted 
instantaneously without any transaction cost. The disposable income per family is 
given by 

𝑦𝑦���𝑡𝑡� � 𝑦𝑦��𝑡𝑡� � 𝑘𝑘���𝑡𝑡� (4) 

Let 𝑛𝑛��𝑡𝑡� and 𝑝𝑝���𝑡𝑡� stand for the birth rate and the cost of birth. Following 
Zhang (2015), we assume that children will have the same level of wealth as that of 
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the parent. In addition to the time spent on children, the cost to the parent is given 
by: 

𝑝𝑝���𝑡𝑡� � 𝑛𝑛��𝑡𝑡� 𝑘𝑘���𝑡𝑡� (5) 

Here, we neglect other costs such as the purchase of goods and services. In the 
fertility choice model by Barro and Becker (1989), the cost also includes 
consumption of goods. We now introduce time spent on children. Becker (1981) 
emphasises the cost of the mother’s time spent on rearing children to adulthood. In 
most societies, women are the primary providers of childcare. We consider the 
following relation between fertility rate and the parent’s time spent on raising 
children:  

𝑇𝑇����𝑡𝑡� � 𝜃𝜃��  𝑛𝑛��𝑡𝑡�, 𝜃𝜃�� � 0  (6) 

where 𝜃𝜃�� is the time required for a mother (father) to raise one child. The specified 
functional form implies that if the parents want more children, they spend more 
time on childcare. This requirement is strict, as childcare tends to exhibit increasing 
returns to scale. For instance, the time spent per child tends to fall as the family has 
more children. We require constant returns to scale because this assumption makes 
the analysis mathematically tractable.  

The household distributes the total available budget between saving, 𝑠𝑠��𝑡𝑡�, 
consumption of goods, 𝑐𝑐��𝑡𝑡�, and childcare, 𝑝𝑝���𝑡𝑡�. The budget constraint is: 

𝑝𝑝��𝑡𝑡� 𝑐𝑐��𝑡𝑡� � 𝑠𝑠��𝑡𝑡� � 𝑘𝑘���𝑡𝑡� 𝑛𝑛��𝑡𝑡� � ����𝑡𝑡� (7) 

We consider that in addition to work and childcare, parents also allocate time to 
leisure. We denote the leisure time of person �𝑗𝑗, 𝑞𝑞� by 𝑇𝑇����𝑡𝑡�. Each person faces 
the following time constraint: 

𝑇𝑇���𝑡𝑡� � 𝑇𝑇����𝑡𝑡� � 𝑇𝑇����𝑡𝑡� � 𝑇𝑇� (8) 

where 𝑇𝑇� is the total available time for leisure, work, and childcare. Substituting (8) 
into (7) yields 
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𝑝𝑝�𝑡𝑡� 𝑐𝑐��𝑡𝑡� � 𝑠𝑠��𝑡𝑡� � 𝑘𝑘���𝑡𝑡� 𝑛𝑛��𝑡𝑡� � 𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� � 𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� �
𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� � 𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� � 𝑦̄𝑦��𝑡𝑡� (9) 

where 

𝑦̄𝑦��𝑡𝑡� ≡ �1 � ��𝑡𝑡��𝑘𝑘���𝑡𝑡� � �𝑤𝑤���𝑡𝑡� � 𝑤𝑤���𝑡𝑡�� 𝑇𝑇�. 

The right-hand side is the ‘potential’ income that the family can obtain by spending 
all the available time on work. The left-hand side is the sum of consumption cost, 
saving, the opportunity cost of childcare, and the opportunity cost of leisure. 
Inserting (6) in (9) gives 

𝑐𝑐��𝑡𝑡� � 𝑠𝑠��𝑡𝑡� � 𝑤𝑤���𝑡𝑡� 𝑛𝑛��𝑡𝑡� � 𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� � 𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� � 𝑦̄𝑦��𝑡𝑡� (10) 

where 

𝑤𝑤���𝑡𝑡� ≡ 𝑘𝑘���𝑡𝑡� � ℎ�  𝑤𝑤�𝑡𝑡�, ℎ� ≡ 𝜃𝜃�� ℎ�� � 𝜃𝜃�� ℎ�� 

The variable 𝑤𝑤���𝑡𝑡� is the opportunity cost of childcare. Like Barro and Becker 
(1989), we assume that the parents’ utility is dependent on the number of children. 
We assume that the utility is dependent on 𝑐𝑐��𝑡𝑡�, 𝑠𝑠��𝑡𝑡�, 𝑇𝑇����𝑡𝑡�, and 𝑛𝑛��𝑡𝑡� as 
follows: 

𝑈𝑈��𝑡𝑡� � 𝑐𝑐�
����𝑡𝑡� 𝑠𝑠�

����𝑡𝑡� 𝑇𝑇���
�����𝑡𝑡� 𝑇𝑇���

�����𝑡𝑡� 𝑛𝑛�
����𝑡𝑡� 

where 𝜉𝜉�� is called the propensity to consume, 𝜆𝜆�� the propensity to own wealth, 
𝜎𝜎���  the gender 𝑞𝑞𝑞𝑞𝑞 propensity to use leisure time, and 𝜐𝜐�� the propensity to have 
children. It should be noted that in this study we assume that the parents’ utility is 
only dependent on their number of children. According to Soares (2005), parents’ 
utility depends not only on their surviving offspring, but also on the length of 
each surviving child’s lifespan. The first-order condition of maximising 𝑈𝑈��𝑡𝑡� 
subject to (10) yields: 

𝑐𝑐��𝑡𝑡� � 𝜉𝜉�  𝑦̄𝑦��𝑡𝑡�, 𝑠𝑠��𝑡𝑡� � 𝜆𝜆�  𝑦̄𝑦��𝑡𝑡�,𝑇𝑇����𝑡𝑡� � ��� �̄����
������ ,𝑛𝑛��𝑡𝑡� � �� �̄����

������  (11) 

A Neoclassical Growth Model with Endogenous Birth and Mortality Rates

105



where 

𝜉𝜉� ≡ 𝜌𝜌�  𝜉𝜉��, 𝜆𝜆� ≡ 𝜌𝜌�  𝜆𝜆��,𝜎𝜎�� ≡ 𝜌𝜌�  𝜎𝜎���, 𝜐𝜐� ≡ 𝜌𝜌�  𝜐𝜐��,𝜌𝜌�
≡ 1
𝜉𝜉�� � 𝜆𝜆�� � 𝜎𝜎��� � 𝜎𝜎��� � 𝜐𝜐��. 

2.3 Birth and mortality rates and population dynamics 

My approach to population dynamics is influenced by the Haavelmo model 
(Haavelmo, 1954; and Stutzer, 1980) and the Ramsey model (Razin and Ben-Zion, 
1975; Yip and Zhang, 1997; and Chu et al., 2013). According to the definitions, 
population change follows:  

𝑁𝑁���𝑡𝑡� � �𝑛𝑛��𝑡𝑡� � 𝑑𝑑��𝑡𝑡��𝑁𝑁��𝑡𝑡� (12) 

where 𝑛𝑛��𝑡𝑡� and 𝑑𝑑��𝑡𝑡� are respectively the birth rate and mortality rate. It should 
be noted that Tournemaine and Luangaram (2012) construct a model of population 
growth and economic development. They examine interactions between fertility, 
education, growth rates of technical progress, and income per capita growth. They 
use the following technology of production of children: 𝑛𝑛�𝑡𝑡� � 𝑏𝑏𝑇𝑇���𝑡𝑡�, where 
𝑇𝑇��𝑡𝑡� is the time needed to rear children and 𝑏𝑏 and 𝜃𝜃 are parameters. In their 
model the mortality rate is assumed to be constant. My model introduces an 
endogenous mortality rate. In the Haavelmo model the mortality rate is negatively 
related to per capita income. In this study we assume that the mortality rate is 
negatively related to the disposable income in the following way: 

𝑑𝑑��𝑡𝑡� �
�̄� ��

�����
�̄�
�����  (13) 

where 𝜐̄𝜐� � 0,  𝑎𝑎� � 0.  We call 𝜐̄𝜐�  the mortality rate parameter. As in the 
Haavelmo model, an improvement in living conditions implies that people live 

longer. The term 𝑁𝑁�
���𝑡𝑡� takes account of possible influences of the population on 

mortality. For instance, when there is overpopulation, the environment deteriorates. 
We may take account of this kind of environmental effect by the term 𝑏𝑏�. In this 
case, it is reasonable to require 𝑏𝑏� to be positive. It should be noted that the sign of 
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𝑏𝑏� is generally ambiguous, in the sense that the population may also have a positive 
impact on mortality. Inserting (10) and (13) in (12) gives 

𝑁𝑁���𝑡𝑡� � ��� �̄����
������ � �̄� ��

�����
�̄�
����� �𝑁𝑁��𝑡𝑡� (14) 

This equation describes the population dynamics.  

2.4 Wealth dynamics 

We now find dynamics of wealth accumulation. According to the definition of 
𝑠𝑠��𝑡𝑡�, the change in a household’s wealth is given by 

𝑘𝑘����𝑡𝑡� � 𝑠𝑠��𝑡𝑡� � 𝑘𝑘���𝑡𝑡� � ��𝑦̄𝑦��𝑡𝑡� � 𝑘𝑘���𝑡𝑡� (15) 

2.5 The value of physical wealth and capital 

The value of physical capital is equal to the value of physical wealth  

∑ 𝑘𝑘���𝑡𝑡�𝑁𝑁��𝑡𝑡��
��� � 𝐾𝐾�𝑡𝑡� (16) 

2.6 Demand for and supply of goods 

The national savings are the sum of households’ savings. As the output of the capital 
goods sector is equal to net savings and the depreciation of capital stock, we have: 

𝑆𝑆�𝑡𝑡� � 𝐶𝐶�𝑡𝑡�  � 𝐾𝐾�𝑡𝑡� � ��𝐾𝐾�𝑡𝑡� �  𝐹𝐹�𝑡𝑡� (17) 

where 𝑆𝑆�𝑡𝑡� � 𝐾𝐾�𝑡𝑡� � ��𝐾𝐾�𝑡𝑡� is the sum of the net savings and depreciation and  

𝑆𝑆�𝑡𝑡� ��𝑠𝑠��𝑡𝑡� 𝑁𝑁��𝑡𝑡�
�

���
, and 𝐶𝐶�𝑡𝑡� �����𝑡𝑡� 𝑁𝑁��𝑡𝑡�

�

���
 

We have thus built the dynamic model. The model is structurally a unification of 
Walrasian general equilibrium and neoclassical growth theory with my earlier 
approach to household behaviour (Zhang, 1993, 2020). If we neglect wealth 
accumulation and capital depreciation (i.e., capital being constant), then the model 
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with heterogeneous households and one sector belongs to Walrasian general 
equilibrium theory. The Solow model and the Haavelmo model can be considered 
as special cases of my model. Moreover, as my model is based on some well-known 
mathematical models and includes some features that no other single theoretical 
model explains, we should be able to explain some interactions which other formal 
models fail to explain. We now examine the dynamics of the model. 

3. THE DYNAMICS AND ITS PROPERTIES 

This section examines the dynamics of the model. First, we introduce the ratio of 
the interest rate and depreciation to the wage rate 

𝑧𝑧�𝑡𝑡� ≡ 𝑟𝑟�𝑡𝑡� � ��
𝑤𝑤�𝑡𝑡� . 

We show that the dynamics can be expressed by differential equations with  ,tz
�𝑘𝑘���𝑡𝑡��, and �𝑁𝑁��𝑡𝑡�� as the variables. 

Lemma 

The dynamics of the economic system is governed by  

𝑧𝑧��𝑡𝑡� � 𝛺𝛺� �𝑧𝑧�𝑡𝑡�, �𝑘𝑘���𝑡𝑡��, �𝑁𝑁��𝑡𝑡��� 

𝑘𝑘����𝑡𝑡� � 𝛺𝛺� �𝑧𝑧�𝑡𝑡�, �𝑘𝑘���𝑡𝑡��, �𝑁𝑁��𝑡𝑡��� , � � 2,… , 𝐽𝐽 

𝑁𝑁���𝑡𝑡� � 𝛬𝛬� �𝑧𝑧�𝑡𝑡�, �𝑘𝑘���𝑡𝑡��, �𝑁𝑁��𝑡𝑡��� , � � 1, . . . , 𝐽𝐽 (18) 

where 𝛺𝛺��𝑡𝑡� and 𝛬𝛬��𝑡𝑡� are functions of 𝑧𝑧�𝑡𝑡�, �𝑘𝑘���𝑡𝑡��, and �𝑁𝑁��𝑡𝑡�� defined in 
the Appendix. Moreover, all the other variables are determined as functions of 

𝑧𝑧�𝑡𝑡�,  �𝑘𝑘���𝑡𝑡��,  and �𝑁𝑁��𝑡𝑡��:  𝑟𝑟�𝑡𝑡�  and 𝑤𝑤���𝑡𝑡�  by (A2) → 𝑘𝑘���𝑡𝑡�  by (A10) → 
𝑁𝑁� �𝑡𝑡�  by (A6) → 𝑦̄𝑦��𝑡𝑡�  by (A3) → 𝑐𝑐��𝑡𝑡�,  𝑠𝑠��𝑡𝑡�,  𝑇𝑇����𝑡𝑡�,  and 𝑛𝑛��𝑡𝑡�  by (11) → 
𝑇𝑇����𝑡𝑡� by (6) → 𝑇𝑇���𝑡𝑡� by (A5) → 𝐾𝐾�𝑡𝑡� by (A7) → 𝐹𝐹�𝑡𝑡� by (2).  
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The differential equations system (17) has 2𝐽𝐽 variables. As demonstrated in the 
Appendix, the expressions are complicated. It is difficult to explicitly interpret the 
economic implications of the equations. The model is simulated to illustrate the 
system’s behaviour. The parameters are specified as follows: 

𝛼𝛼 � 0.25,� � 2, 𝑏𝑏� � 1,𝑇𝑇� � 24, 𝛿𝛿� � 0.05, 

�
𝑎𝑎�𝑎𝑎�𝑎𝑎�
� � �

0.1
0.2
0.3

� ,�
ℎ��
ℎ��
ℎ��

� � �
2

1.5
1
� ,�

ℎ��
ℎ��
ℎ��

� � �
1.5
1

0.5
� ,�

𝜉𝜉��
𝜉𝜉��
𝜉𝜉��

� � �
0.2
0.2
0.2

� ,�
𝜆𝜆��
𝜆𝜆��
𝜆𝜆��

� � �
0.6

0.55
0.5

�, 

�
𝑣𝑣��𝑣𝑣��𝑣𝑣��

� � �
1

1.2
1.5

� ,�
𝜎𝜎���𝜎𝜎���𝜎𝜎���

� � �
0.1

0.12
0.16

� ,�
𝜎𝜎���𝜎𝜎���𝜎𝜎���

� � �
0.13
0.14
0.8

� ,�
𝑣̄𝑣�𝑣̄𝑣�𝑣̄𝑣�
� � �

0.02
0.03

0.035
� , 

�
𝜃𝜃��𝜃𝜃��
𝜃𝜃��

� � �
0.1
0.2
0.1

� ,�
𝜃𝜃��𝜃𝜃��
𝜃𝜃��

� � �
0.5
0.3
0.2

�.  (19) 

It is assumed that a mother spends more hours on childcare than a father. Person 
�1,2�  spends a relatively long time on childcare per child and person �1,1� 
spends a relatively short time on childcare per child. Group 1’s human capital is 
assumed to be higher than group 2’s, and group 2’s human capital is higher than 
group 3’s. The relative propensities are listed as follows: 

⎝
⎜
⎛
𝑣𝑣�
𝜆𝜆�
𝜉𝜉�𝜎𝜎��𝜎𝜎��⎠
⎟
⎞ �

⎝
⎜
⎛

0.493
0.296
0.099
0.049
0.064⎠

⎟
⎞ ,

⎝
⎜
⎛
𝑣𝑣�
𝜆𝜆�
𝜉𝜉�𝜎𝜎��𝜎𝜎��⎠
⎟
⎞ �

⎝
⎜
⎛

0.543
0.249
0.091
0.054
0.063⎠

⎟
⎞ ,

⎝
⎜
⎛
𝑣𝑣�
𝜆𝜆�
𝜉𝜉�𝜎𝜎��𝜎𝜎��⎠
⎟
⎞ �

⎝
⎜
⎛

0.591
0.197
0.079
0.063
0.071⎠

⎟
⎞. 

Group 1’s propensity to have children is assumed to be lower than group 2’s, 
and group 2’s propensity to have children is assumed to be lower than group 3’s. 
Both men and women in group 3 are assumed to have the highest propensities 
to stay at home. Group 1 is assumed to have the highest propensity to save. It is 
assumed that fathers have a lower propensity to pursue leisure than mothers. The 
total productivity factor is � � 2. Although the specified values are not based on 
empirical observations, the choice does not seem unrealistic. In many studies (for 
instance, Miles and Scott, 2005, Abel et al., 2007) the value of 𝛼𝛼  in the Cobb-
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Douglas production function is approximately 0.3. With regards to the preference 
parameters, what are important in my study are their relative values. To follow the 
motion of the system the initial conditions are specified: 

𝑧𝑧�0� � 0.36, 𝑘𝑘���0� � 33, 𝑘𝑘���0� � 15,𝑁𝑁��0� � 88,𝑁𝑁��0� � 79,𝑁𝑁��0� � 92. 
The simulation result is plotted in Figure 1. The population grows from its low 
initial condition. As the population rate rises, the mortality rate also increases. 
The labour force increases, and the wage rates decline. The falling wage rates 
reduce the opportunity cost of childcare, resulting in a rise in the birth rate. The 
rising birth rate is associated with an increase in both men’s and women’s time 
spent on childcare. As income falls, both men and women work longer hours. 
Their leisure hours are reduced. The national wealth and output increase in 
association with the rising labour force. Nevertheless, both consumption level 
and wealth per household decline. It should be mentioned that in a two-period 
overlapping-generations model, Strulik (2008) takes account of subsistence 
consumption and infant survival. The model predicts an inverted U-shape 
relationship between fertility and income. As the family’s income increases it has 
more childcare resources. On the other hand, a higher income enables the parents 
to devote more resources to childcare. Some studies confirm that the fertility rate 
declines in the process of economic development (e.g., Kirk, 1996; Ehrlich and 
Lui 1997; Galor, 2012). From Figure 1 we can see that the relation between 
consumption and birth rate varies for different groups at different stages of 
economic growth.  
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Figure 1: The Motion of the Economic System 

 

It is straightforward to confirm that all the variables become stationary in the long 
term. This implies the existence of an equilibrium point. The simulation confirms 
the existence of the following equilibrium point: 

𝑁𝑁� � 86.2,𝑁𝑁� � 78.3,𝑁𝑁� � 95.6,� � 9644.7,𝑁𝑁� � 12025.7,� � 22760.7, 
𝑛𝑛� � �� � 1.63,𝑛𝑛� � �� � 2.13,𝑛𝑛� � �� � 2.94, � � 0.54,𝑤𝑤�� �2.84,𝑤𝑤�� � 2.13,  𝑤𝑤�� � 2.13,𝑤𝑤�� � 1.42,𝑤𝑤�� � 1.42,𝑤𝑤�� � 0.71,𝑇𝑇�� �
20.03,𝑇𝑇��� � 3.78,𝑇𝑇��� � 0.16,  𝑇𝑇�� � 16.6,𝑇𝑇��� � 6.58,𝑇𝑇��� � 0.62,𝑇𝑇�� �
20.05,𝑇𝑇��� � 3.52,𝑇𝑇��� � 0.43,𝑇𝑇�� � 17.2,  𝑇𝑇��� � 6.16,𝑇𝑇��� � 0.64,𝑇𝑇�� �
20.45,𝑇𝑇��� � 3.25,𝑇𝑇��� � 0.29,𝑇𝑇�� � 16.09,𝑇𝑇��� � 7.32,  𝑇𝑇��� � 0.59, 𝑘𝑘�� �
64.69, 𝑘𝑘�� � 34.67, 𝑘𝑘�� � 14.44, 𝑐𝑐� � 21.56, 𝑐𝑐� � 12.5, 𝑐𝑐� � 5.77. 
The populations of the three groups are respectively 𝑁𝑁� � 86.2,  𝑁𝑁� � 78.3, 
and 𝑁𝑁� � 95.6. These population differences are due to differences in human 
capital, the propensity to have children, and other factors. The following dynamic 
comparative statics demonstrate the effects of some parameters on the population 
dynamics. I calculate the six eigenvalues 

�2.97,�2.13,�1.63,�0.68,�0.6,�0.54. 
As the eigenvalues are negative, the unique equilibrium is locally stable. Hence, 
the system always approaches its equilibrium if it is not far from the equilibrium.  
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4. SIMULATION OF COMPARATIVE DYNAMIC ANALYSIS IN SOME 
PARAMETERS  

The motion of the national economy is simulated in (18). We now examine how the 
economic system reacts to some exogenous change. As the lemma gives the 
computational procedure to calibrate the motion of all the variables, it is 
straightforward to examine the effects of change in any parameter on transitory 
processes as well as the stationary states of all the variables. We use a variable 𝛥𝛥�𝑥𝑥��𝑡𝑡� 
to stand for the change rate of the variable 𝑥𝑥��𝑡𝑡�, as a percentage due to changes in 
the parameter value. 

4.1 Improvements to female human capital in group 1 

The traditional neoclassical approach holds that gender inequalities resulting from 
disparities in human capital will wither away as an economy experiences high 
growth (e.g., Beneria and Feldman, 1992, Forsythe, et al. 2000). According to Stotsky 
(2006: 18), “the neoclassical approach examines the simultaneous interaction of 
economic development and the reduction of gender inequalities. It sees the process 
of economic development leading to the reduction of these inequalities and also 
inequalities hindering economic development.” As my model is a general 
equilibrium model with heterogeneous households and endogenous population, we 
can deal with complicated relations between different variables. We now examine 
the following rise in female human capital in group 1: ℎ�: 1.5 ⇒ 1.7. The result is 
plotted in Figure 2. The national labour force, national output, and national capital 
are enhanced. The interest rate falls. The female wage rate in group 1 increases and 
the wage rates of other groups are slightly affected. Group 1’s population rises 
initially and falls slightly in the long term. The other two groups’ populations are 
slightly affected. Group 2’s population rises initially and falls in the long term. Group 
3’s population expands. For group 1, the opportunity cost of childcare increases in 
association with the mother’s wage rising. At the same time, the wage rate increases. 
The net result on the group’s birth rate is that it rises initially and falls in the long 
term. The time that group 1’s parents spend caring for children changes 
correspondingly. The mother from group 1 works more and the father works less. 
The father has more leisure time and the mother has less. The family consumes more 
and has more wealth. The mortality rate falls in association with improved living 
conditions. With regard to the effects on the other two groups, we find that the 
change in group 1’s human capital has little impact on its consumption and wealth 
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levels, even though the birth and death rates are affected. It should be remarked that 
many studies demonstrate that life expectancy increases with the aggregate level of 
human capital (e.g., Blackburn and Cipriani, 2002; Boucekkine et al., 2002). The 
results also demonstrate the same trend if we consider the mortality rate as 
negatively related to life expectancy.  

Figure 2: Human Capital of Group 1 Women Improves 

 

4.2 Group 1 mothers spend more time on childcare  

There is a vast amount of empirical and theoretical literature on economic growth 
and time allocation. We now theoretically examine another factor that may affect 
economic growth and the gender division of labour. We consider that the mother 
spends more time on childcare per child. We increase the parameter 𝜃𝜃�� as follows: 
𝜃𝜃��: 0.5 ⇒ 0.7. The result is plotted in Figure 3. Group 1’s mother spends more 
time on childcare and the father spends less time on childcare. Both the father 
and the mother spend less time on leisure. The mother works less hours and the 
father works more hours. The other two groups’ time distributions are slightly 
affected. The national wealth, capital, and output decrease. Group 1’s population 
is reduced. Group 2’s population rises initially and falls in the long term. Group 3’s 
population expands.  
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Figure 3: Mothers in Group 1 Spend More Time on Childcare  

 

4.3 A rise in total factor productivity 

The next concern is how the total factor productivity affects economic growth 
and population change. Technological change in the traditional Solow model has 
positive effects on long-term economic growth. As the Solow model assumes a 
constant growth rate and constant returns to scale, technological change has no 
impact on labour inputs and time allocation even in the short term. We now 
increase total factor productivity as follows: 𝐴𝐴: 2 ⇒ 2.2. The simulation results 
are plotted in Figure 4. As productivity is enhanced, the output level and wage 
rates increase. The total capital and labour force are enhanced. The interest rate 
increases initially but is not affected in the long term. Each group’s population 
increases. Birth and mortality rates increase initially but are not affected in the 
long term. Technological change results in increased levels of consumption and 
wealth per household, and of the opportunity cost of childcare. It has no long-
run impact on time allocations. 
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Figure 4: A Rise in the Total Factor Productivity 

 

4.4 A decline in the propensity to have children 

According to Tournemaine and Luangaram (2012: 925), “depending on the country, 
population growth may contribute, deter, or even have no impact on economic 
development. This ambiguous result is explained by the fact that the effects of 
population growth change over time. For example, a higher fertility rate can have a 
short-term negative effect caused by the cost of expenditures on children whereas it 
has a long-run positive effect through the larger labour force it generates.” But, 
according to Malthusian population theory for instance, it is argued that if a national 
economy has no economic activity characterised by increasing returns to scale, a rise 
in the population tends to reduce individual living conditions. We now examine the 
effects of the following decline in group 1’s propensity to have children: 𝜐𝜐��: 1 ⇒
0.8. The simulation results are plotted in Figure 5. As group 1’s interest in having 
children decreases, the group’s birth rate falls. Group 1 spends less time on childcare, 
more time on leisure activities, and less time on working. The group’s mortality rate 
also falls. Group 1’s population falls. Group 2’s population rises initially and falls in 
the long term. Group 3’s population increases. We see that when the other 
conditions are kept constant, a rise in the propensity to have children has a great 
impact on the population growth. The levels of capital and total labour input and 
output fall. Wage rates increase and the interest rate falls. Wealth and consumption 
levels increase.  
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Figure 5: A Decline in Group 1’s Propensity to Have Children 

 

4.5 Group 1’s income having a stronger impact on the mortality rate  

We now examine what will happen to the economy when group 1’s mortality rate is 
more negatively related to disposable income: 𝑎𝑎�: 0.01 ⇒ 0.02.  The result is 
plotted in Figure 6. Group 1’s population increases. Group 2’s population rises 
initially and falls in the long term. Group 3’s population increases initially and is not 
affected in the long term. The national labour force and capital and output increase. 
Group 1’s birth and mortality rates are not affected in the long term. The other two 
groups’ birth and mortality rates fall slightly in the long term. The wage rates 
increase and the interest rate falls. The wealth and consumption levels increase. 
There are also slight changes in the time allocations.  
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Figure 6: Group 1’s Disposable Income Having a Stronger Impact on the Mortality 
Rate  

 

4.6 A rise in the female propensity to pursue leisure activities 

It is important to examine the economic consequences of an increase in female 
preferences for pursuing leisure activities. As the economy and other conditions in 
society change, people may change their preferences. For instance, women and men 
in developed societies may change their education and work preferences, resulting 
in changes to the economic system. To illustrate this we consider the effects 
following an increase in the female propensity to pursue leisure in Group 1: 
𝜎𝜎���: 0.13 ⇒ 0.15. An immediate consequence of the preference change is that 
a wife from group 1 spends more time on leisure and the husband has less leisure 
hours. The husband works more hours and the wife works less. Both husband and 
wife reduce their time spent on childcare. Group 1’s birth and mortality rates fall. 
Group 1’s population falls. The other two groups’ birth and mortality rates and 
populations are only slightly affected. The national output, national labour force, 
and national capital all decrease. The wage rates fall and the interest rate increases. 
Group 1’s representative household consumes less and has less wealth. The 
representative households of the other two groups are only slightly affected.  
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Figure 7: An Increase in Woman’s Propensity to Pursue Leisure Activities 

 

4.7 The impact of an increase in group 1’s propensity to save 

According to the Solow model, a rise the propensity to save will increase per capita 
wealth but reduce the per capita consumption level. I will show that the impact in 
my model is different from the result in the Solow model in the long term. The 
(exogenous) population growth rate is not affected by economic conditions in the 
traditional one-sector growth model. I now examine what will happen in an 
economy with endogenous birth and mortality rates when group 1’s propensity to 
save is increased as follows: 𝜆𝜆��: 0.6 ⇒ 0.62.  Group 1’s per household 
consumption level falls initially and rises in the long term. Group 1’s per household 
wealth increases. Both men and women from group 1 work more hours initially and 
work less hours in the long term, they spend less hours on leisure initially and more 
hours in the long term, and they spend less hours on childcare. Group 1’s population 
falls. Group 2’s population rises initially and falls in the long term. Group 3’s 
population increases. The national labour supply and national output fall, while the 
national capital increases. The wage rates increase and the interest rate falls. Groups 
2 and 3 consume more and own more wealth. Groups 2 and 3 do not change the 
time allocated to childcare; they increase work hours and reduce leisure hours. We 
see that group 1’s change in the propensity to save not only affects the group’s time 
allocation but also the other groups’ allocation of time between leisure and work. 
Changes in the national capital stock affect the marginal returns of work (i.e., wage 
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rate). As the wage rates are affected, the other groups’ time allocations are also 
affected.  

Figure 8: The Impact of an Increase in Group 1’s Propensity to Save 

 

5. CONCLUDING REMARKS 

This paper introduces endogenous population into a generalised Solow one-sector 
growth model with multiple types of households. The paper is a synthesis of my 
earlier models of endogenous population (Zhang, 2015) and of general equilibrium 
dynamics with heterogeneous households (Zhang, 2012). The study analyses the 
dynamic interdependence between different socio-cultural groups’ birth rates, 
mortality rates, population, wealth accumulation, and time distribution between 
work, leisure, and childcare. The emphasis is on the role of changes in human capital, 
technology, and preferences on birth and mortality rates and the allocation of time 
between work, childcare, and leisure. The basic economic structure is based on the 
Walrasian general equilibrium theory and wealth accumulation is based the Solow 
growth model. An alternative utility function proposed by Zhang (2020) is used to 
describe the behaviour of households. In my approach, wealth and income 
inequality is due to heterogeneity in households’ preferences and human capital 
levels as well as in households’ initial wealth. Also modelled are gender differences 
in human capital, the propensity to use leisure time, and the efficiency of childcare, 
and the dynamics of group differences in wealth, income, birth rate, mortality rate, 
and population. The model simulates the movement of the economy and population 
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change and identifies the existence of an equilibrium point. Also examined are the 
effects of changes in the propensity to have children, the propensity to save, the 
female propensity to use leisure, female human capital, and female involvement 
in childcare. As this model is built on economic theory, it can be generalised and 
extended. In my approach, the childcare function exhibits constant returns to scale 
in the parent’s time allocated to childcare. It is possible to generalise the model by 
applying more general production or utility functions. Future studies could take 
account of scale effects in childcare.  
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APPENDIX 

Proving the lemma 

The dynamics can be expressed by a differential equations system. From (3), we 
obtain: 

𝑧𝑧 𝑧 ����
� � ����

�   (A1) 

where 𝛼𝛼� 𝑧 𝛼𝛼/𝛽𝛽. From (2) and (3), we have: 

𝑟𝑟 � 𝛼𝛼 𝐴𝐴 � �����
� � �� ,𝑤𝑤 � 𝛽𝛽 𝐴𝐴 �����

� ,𝑤𝑤�� � ℎ��  𝑤𝑤.  (A2) 

Hence, we determine 𝑟𝑟, 𝑤𝑤, and 𝑤𝑤�� as functions of 𝑧𝑧. From the definition of 𝑦̄𝑦 
and (3) we have: 

𝑦̄𝑦� � �1 � 𝑟𝑟�𝑘𝑘�� � ℎ�� 𝑤𝑤 (A3) 

where ℎ�� 𝑧 �ℎ�� � ℎ���𝑇𝑇�. By (8) and (11), we have: 

𝑇𝑇�� � 𝑇𝑇� � 𝑇𝑇��� � 𝑇𝑇��� � 𝑇𝑇� � ���� ��
��� � ���

��� �� 𝑦̄𝑦� .  (A4) 

Insert (A3) in (A4) 

𝑇𝑇�� � 𝜒𝜒�� � �̃�� �� ���̄�
��� � 𝑟𝑟��  𝑘𝑘� � (A5) 

where 

𝜒𝜒�� � �1 � �ℎ�� � ℎ��� 𝜎𝜎��
ℎ�� � 𝑇𝑇�, 𝑟̃𝑟�� ≡ 𝜃𝜃��  𝜐𝜐��1 � 𝑟𝑟�, 𝑟̄𝑟�� ≡ ℎ�� 𝜃𝜃��  𝜐𝜐�  𝑤𝑤, 𝑟𝑟��

≡ �1 � 𝑟𝑟�𝜎𝜎��
ℎ��  𝑤𝑤 . 

Insert (A5) in (1)  
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𝑁𝑁� � ∑ �𝜒𝜒� � �̃� �� ������
��� � 𝑟̃𝑟��  𝑘𝑘���𝑁𝑁��

���  (A6) 

where  

𝜒𝜒� ≡ ℎ�� 𝜒𝜒�� � ℎ�� 𝜒𝜒��, 𝑟̃𝑟� ≡ ℎ�� 𝑟̃𝑟�� � ℎ�� 𝑟̃𝑟��, ℎ��� ≡ ℎ�� 𝑟̄𝑟�� � ℎ�� 𝑟̄𝑟��, 𝑟̃𝑟��
≡ ℎ�� 𝑟𝑟�� � ℎ�� 𝑟𝑟��. 

By the definition of 𝑧𝑧, we have:  

� � ����
� .  (A7) 

Insert (A6) and (16) in (A7) 

�𝑧𝑧� � 𝑟̃𝑟�
𝑤𝑤��� 𝑘𝑘�� � ℎ���

𝑤𝑤�� � 𝜙𝜙� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ 
𝜒𝜒� � �

�� ∑ �𝜒𝜒� � �̃� �� ������
��� � 𝑧𝑧�  𝑘𝑘���𝑁𝑁��

��� , (A8) 

where  

𝑧𝑧� ≡ 𝑟̃𝑟�� � 𝑧𝑧
𝛼𝛼� . 

Insert 𝑤𝑤�� � 𝑘𝑘�� � ℎ� 𝑤𝑤 in (A8): 

𝑘𝑘��� � 𝑚𝑚� 𝑘𝑘�� � 𝑚𝑚� � 0,  (A9) 

where 

𝑚𝑚� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ ℎ� 𝑤𝑤 � 𝑟̃𝑟� � 𝜙𝜙�
𝑧𝑧� ,𝑚𝑚� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ ℎ��� � ℎ� 𝑤𝑤 𝜙𝜙�

𝑧𝑧� . 

Solve (A9) 

𝑘𝑘�� � 𝜙𝜙 �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡
���������� ��

� .  (A10) 
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In the simulation, (A10) has a meaningful solution: 

𝑘𝑘�� � �𝑚𝑚� � �𝑚𝑚�� � 4 𝑚𝑚�
2 . 

The following procedure shows how to express the variables as functions 𝑧𝑧, �𝑘𝑘���, 
and �𝑁𝑁��: 𝑟𝑟 and 𝑤𝑤�� by (A2) → 𝑘𝑘�� by (A10) → 𝑁𝑁�  by (A6) → 𝑦̄𝑦� by (A3) → 𝑐𝑐� , 
𝑠𝑠� , 𝑇𝑇��� , and 𝑛𝑛�  by (11) → 𝑇𝑇���  by (6) → 𝑇𝑇��  by (A5) → 𝐾𝐾 by (A7) → 𝐹𝐹 by (2). 
From this procedure (15) and (14), we have: 

𝑘𝑘��� � 𝛺𝛺� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ 𝑠𝑠� � 𝑘𝑘��,  (A11) 

𝑘𝑘��� � 𝛺𝛺� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ 𝑠𝑠� � 𝑘𝑘�� , � � 2, . . . , 𝐽𝐽, 

𝑁𝑁�� � 𝛬𝛬� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ ����̄���� �
�̄���

��

�̄�
�� �𝑁𝑁� , � � 1, . . . , 𝐽𝐽.  (A12) 

Take derivatives of (A10) with respect to 𝑡𝑡: 

𝑘𝑘��� � ��
�� 𝑧𝑧� � ∑ ��

��� � 𝑘𝑘�
���

��� � ∑ ��
��� 𝑁𝑁��

�
��� .  (A13) 

Insert (A12) in (A13): 

𝑘𝑘��� � ��
�� 𝑧𝑧� � ∑ 𝛺𝛺� ��

��� �
�
��� � ∑ 𝛬𝛬� ��

���
�
��� . (A14) 

Equalise the right-hand sides of (A11) and (A14): 

𝑧𝑧� � 𝛺𝛺� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ �𝛺𝛺� � ∑ 𝛺𝛺� ����� �
�
��� � ∑ 𝛬𝛬� ��

���
�
��� � ������

��.  (A15) 
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1. INTRODUCTION 

Producers are assumed to have full knowledge of the markets. In other words, it 
is assumed that producers know the prices of all inputs and outputs and know the 
production function precisely under perfect competition conditions. In addition, 
consumers have information about their income, utility functions, and the prices 
of all goods and services. However, in the real world, certainty in economic 
activity is an exception because the results of economic activity depend not only 
on individuals’ decisions but also on factors that individuals do not control. Thus, 
the reality is that uncertainty prevails and therefore the rational decisions of 
economic units may produce biased results. The uncertainty arising from an 
increase in exchange rate volatility creates risk. Thus, it is thought that exchange 
rate volatility negatively affects international trade (Doğanlar, 2002: 859). The 
exchange rate is an important economic variable, both as a determinant of a 
country’s export volume and as an indicator of its international competitiveness. 
At the same time, in developing countries such as Turkey the exchange rate also 
plays an important role in production costs due to the total value of imported 
intermediate and capital goods. High fluctuations in the exchange rate create 
uncertainty regarding profits and thus reduce the gains of international trade and 
hinder trade volumes (Yüksel et al., 2012; Ozcelebi and Yildirim, 2011). 

The Bretton Woods System, which was based on a fixed exchange rate regime, 
collapsed in 1973, and from that date most countries let their currencies float free. 
Since then, the question of whether volatility in the exchange rate within the 
flexible exchange rate system affects international trade flows has been a matter 
of intense debate. Exchange rate volatility is defined as the risk associated with 
unexpected movements in the exchange rate. It is widely believed that high 
exchange rate volatility increases uncertainty and hinders the growth of foreign 
trade. This belief is accepted not only by politicians and financial market 
participants but also by commercial economists (Cushman, 1983:45; Arize, 1997, 
p.95).  

In the literature the results of studies on the relationship between exchange rate 
volatility and trade flows are contradictory. Most studies argue that volatility 
reduces foreign trade (Doğanlar, 2002; Al-Rashidi and Lahiri, 2013; Serenis, 2013; 
Barseghyan and Hambardzumyan, 2017), while some find that the former 
stimulates the latter (Serenis and Tsounis, 2014; Uslu, 2018). The existence of a 
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negative relationship between these variables is due to risk-averse firms. 
Accordingly, high exchange rate volatility reduces the expected profitability from 
exports and therefore reduces the trade volume (Altintaş et al., 2011). The positive 
or negative effect of exchange rate volatility on exports is also analysed within the 
framework of income and substitution effects. Given the effects of increased risk 
on both income and substitution, the impact of volatility on exports will vary 
depending on the degree of risk aversion. When risk increases, individuals prefer 
to export more to avoid the possibility of a serious reduction in their income 
(income effect). However, if firms are less risk-averse, they find the return on 
exports less attractive and decide to export less (substitution effect). 
Consequently, higher volatility leads to more exports if the income effect 
dominates the substitution effect (Grauwe, 1988: 67). However, some studies find 
no significant relationship between exchange rate volatility and exports 
(Bahmani-Oskooee and Harvey, 2011; Bahmani-Oskooee et al., 2015). 

After the 1929 Great Depression the Law on the Protection of the Turkish 
Currency came into force in 1930 and foreign exchange markets began to be 
audited. The central bank was established in 1930 and the Law on Lending Affairs 
came into effect in 1933, implementing a fixed exchange rate regime in Turkey. 
After Turkey became a member of the IMF and the World Bank in 1947 an 
adjustable fixed exchange rate policy was implemented (Dilbaz Alacahan and 
Akarsu, 2017: 332). Since 1980, Turkey has implemented liberal economic 
policies. A floating exchange rate regime was adopted after the 2001 economic 
crisis, to be determined according to supply and demand in the market. Hence, 
exchange rate volatility and uncertainty increased (Erdal et al., 2012). The current 
account deficit problem in Turkey’s economy has been called the ‘learned 
helplessness’ phenomenon, and the relationship between exchange rate and 
foreign trade has been intensively analysed in the economics literature of Turkey. 
Table 1 shows that the findings of these studies on exchange rate volatility in the 
Turkish economy are as diverse as they are in the international literature.  
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Table 1: Summary of previous studies on exchange rate volatility in Turkey 

Author Period Method 
Impact of 
Volatility 

Özbay (1999) 1998Q2–1997Q2 OLS Negative 
Acaravci and Ozturk 
(2002) 

1989:01–2002:08 Johansen Cointegration Test Negative 

Kasman and Kasman 
(2005) 

1982Q1–2001Q4 Johansen Cointegration Test Positive 

Guloglu (2008) 1982:01–2006:12 Markow Switching ARCH Negative 
Köse et al. (2008) 1995:01–2008:06 Johansen Cointegration Test Negative 
Tarı and Yıldırım (2009) 1989Q1–2007Q3 Johansen Cointegration Test Negative 
Altintaş et al. (2011) 1993Q3–2009Q4 ARDL Positive 
Yüksel et al. (2012) 2003:02–2010:12 OLS No Impact 
Erdal et al. (2012) 1995:01–2007:11 Johansen Cointegration Test Negative 
Çiftçi (2014) 2003:01–2013:11 ARDL Negative 
Balcılar et al. (2014) 1995Q1–2012Q4 ARDL No Impact 
Sevim and Doğan (2016) 2002:01–2014:11 ARDL No Impact 
Çelik (2018) 1995:01–2017:01 ARDL Negative 
Ayhan (2019) 2005:01–2014:02 ARDL  Negative 
Köse and Aslan (2020) 2002:01–2017:12 Structural VAR No Impact 
Note: OLS = Ordinary least squares, ARCH = Autoregressive conditional heteroskedasticity, ARDL 
= Autoregressive distributed lag model, VAR = Vector autoregression. 

The present study uses monthly data for the period 2003–2019 to investigate the 
relationship between exports and exchange rate. Two important break points 
were taken into consideration for the selection of the dataset period. The first is 
the financial measures taken in 2003 after the 2001 crisis. The second is the global 
Covid-19 pandemic. Therefore, the years before 2003 and the year 2020 have been 
excluded. The study uses the most up-to-date dataset and simultaneously analyses 
the effects of both exchange rate and volatility on exports. Most previous studies 
use vector autoregression (VAR) analysis, but this study’s application of the 
structural VAR (hereafter SVAR) model reinforces its novelty. The SVAR model 
estimates impulse-response functions by imposing short- and long-term 
constraints on the model’s calculation process. The study’s analyses also consider 
structural breaks. 
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The remainder of the article is organised as follows. Chapter 2 introduces the data 
set and the econometric methodology, section 3 reports the findings, and the final 
section presents the concluding remarks. 

2. DATASET AND ECONOMETRIC METHODOLOGY 

This section first introduces the variables in the study and then explains the SVAR 
model that is used to examine the relationship between the relevant variables. 

2.1. Dataset 

The relationship between exchange rate volatility and exports is examined using 
monthly data for the period January 2003 – December 2019. The CPI-based real 
effective exchange rate (2003=100) is from the Central Bank of the Republic of 
Turkey and imports and exports are from the Turkish Statistical Institute (in 
thousand US$). The industrial production index (2015=100) for the EU (27) 
countries is from the OECD. The industrial production index is added to the 
model as a proxy for external income. The income of EU countries is used because 
they are important trading partners for Turkey. The industrial production index 
and foreign trade data are seasonally adjusted and therefore without calendar 
effects. The Exponential Generalised Autoregressive Conditional 
Heteroskedasticity (EGARCH) process is used to capture exchange rate volatility 
(Nelson, 1991). The logarithmic transformation is applied to all variables.  

The ARCH LM test is used to examine the existence of heteroskedasticity in the 
real exchange rate series (see Table 2) and the null hypothesis claiming that there 
is no ARCH effect is rejected at the 1% significance level. This shows that there is 
a heteroskedasticity problem in the residuals of the real exchange rate series. After 
detecting the existence of the ARCH effect, the appropriate GARCH model is 
used to estimate the exchange rate volatility. Before moving on to the GARCH 
models, the quantile-quantile graph and the Shapiro-Wilk (1965) normality test 
are used to examine whether the real exchange rate shows a significant difference 
from the normal distribution, and it is observed that the distribution of the 
relevant series is not normal. In the light of these results, GARCH models are 
analysed considering the student-t distribution. In order to determine the most 
suitable model the Akaike and Schwarz values should be the smallest, the ARCH 
effect should be eliminated, and there should be no autocorrelation problem. 
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Considering all these factors, it is determined that EGARCH(1,1) is the most 
suitable model for estimating exchange rate volatility. The gamma coefficient in 
the EGARCH model examines the leverage effect. A negative gamma coefficient 
indicates the presence of a leverage effect. As shown in Table 3, the alpha+beta<1 
condition is met. According to the results of the EGARCH (1,1) model, the 
gamma coefficient is positive and statistically insignificant. Accordingly, it is 
observed that there is no leverage effect. The Ljung Box Q and Q2 and ARCH-
LM tests are used to examine the autocorrelation problem in the residuals 
obtained from the appropriate EGARCH (1,1) model and whether the ARCH 
effect disappears (see Table 4 in the Appendix). 

Table 4 shows that the ARMA (2,0) – EGARCH (1,1) model, found to be the most 
suitable model for estimating the volatility of the real exchange rate variable, is 
eliminated and there is no autocorrelation problem. Accordingly, all the 
conditions are met for the EGARCH (1,1) model, which is determined as the 
appropriate model to estimate exchange rate volatility. The conditional variance 
given by the EGARCH (1,1) model is used as the real exchange rate variable. The 
volatility series obtained for this paper is as in Figure 1. 

Figure 1: Real exchange rate volatility 
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2.2. The SVAR Model 

Sims (1980) developed the VAR model as an alternative approach to 
simultaneous equation systems. Simultaneous equation systems do not consider 
the dynamic structure in time series, and these models also take some variables as 
exogenous. According to Sims this is questionable, since this supposition of the 
exogeneity of variables reflects the preferences and prejudices of the 
modelmakers and is not fully supported by theoretical evaluations. Unlike the 
simultaneous equation models, the VAR models consider all variables to be a 
priori endogenous and imposed by statistical tools rather than controversial 
theories (Lütkpohl, 2005, p.1). 

Using the VAR models makes it possible to observe the relative importance of 
various shocks on macroeconomic variables and to address their dynamic impact. 
The VAR analysis gives policymakers a deeper understanding of how economic 
variables are affected by demand or supply shocks so that in an everchanging 
environment they can respond with more effective policy decisions (Sarte, 1997, 
p.45). However, changes in policy implementation, economic crises, and shocks 
that occur for similar reasons cannot be defined perfectly with a specific variable. 
Therefore, the VAR models cannot determine the influence of shocks, and the 
SVAR approach was developed for this reason. The SVAR technique provides the 
determination of sufficient constraints to define underlying shocks in the form of 
either repetitive structures using economic information, coefficient restrictions, 
and variance or covariance restrictions, or constraints on the short- or long-term 
multipliers. The SVAR model offers the opportunity to determine constraints 
consistent with economic theory and current conditions, and so helps to achieve 
more robust and logical findings (Köse and Aslan, 2020, p.6). Also, contrary to 
the VAR models, the SVAR models consider structural changes, and both short- 
and long-term constraints can be imposed (Narayan et al. 2008, p.2765). 

The VAR model with a lag p (VAR (p)) can be written as follow (Narayan et al., 
2008, p.2766): 

X� �  A�X��� � �� A�X��� � ��� �  u� (1) 

In Equation 1, the Ai (i=1,…,p) are (KxK) parameter matrices, p shows the lag of 
the VAR model, X is an 𝑛𝑛𝑛𝑛1 vector of dependent variables, and u� is an 𝑛𝑛𝑛𝑛1 vector 
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of reduced form residuals. According to Narayan et al. (2008), the deterministic 
component can be safely ignored because it is not affected by shocks to the 
system. In this case, the SVAR model can be written as: 

𝐴𝐴𝐴𝐴� �  𝐴𝐴�∗𝑋𝑋��� � �� 𝐴𝐴�∗ 𝑋𝑋��� � 𝐵𝐵𝜀𝜀�  (2) 

where matrix B contains the structural form parameters of the model, while 
matrix A is used to connect instant models. The 𝜀𝜀� is an 𝑛𝑛𝑛𝑛1 vector of structural 
disturbances shown as var���� � ⋀, where ⋀ is a diagonal matrix with variance 
of structural defects forming diagonal elements. Shocks cannot be observed 
directly, so some restrictions are needed. The common practice for the constraint 
is to multiply Equation 2 by A-1. This leads to the following relationship between 
reduced-form disturbances and structural disturbances (Narayan et al., 2008, 
p.2766): 

𝑢𝑢� �  𝐴𝐴�� 𝐵𝐵𝐵𝐵� (3) 

Equation 3 for the AB model can be written as: 

𝐴𝐴𝐴𝐴� � 𝐵𝐵𝜀𝜀� (4) 

In this study the SVAR model includes income, real exchange rate volatility, and 
import and export variables. Köse and Aslan’s (2020) study is based on creating 
constraints for the SVAR model under which external income is not 
contemporaneously affected by shocks in other variables in the system but 
external income affects export shocks simultaneously. While real exchange rate 
volatility is not affected contemporaneously by shocks of the other variables, it 
has an impact on the import and export shocks. While the real exchange rate is 
not affected by the variables, it affects all variables except income. Imports only 
have an impact on exports. On the other hand, exports do not affect any variables, 
yet they are simultaneously affected by all variables. The impacts of external 
income and exchange rate volatility on exports are determined considering the 
economic theory. However, the influence of import restrictions is determined 
considering the economic structure of Turkey. Turkey has external dependence 
on energy, which is an essential item in production; therefore it is expected that 
imports have an impact on exports (Köse and Aslan, 2020, p.8). Under these 
constraints, the SVAR model is as below: 
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where ε����, ε����, ε������, ε����, and ε���� are structural disturbances; that is, 
exports, real exchange rate, exchange rate volatility, income, and import shocks, 
respectively. u����, u����, u������, u����, and u���� are residuals in the reduced-form 
equations and represent unexpected disturbances. 

3. FINDINGS 

This section presents the findings and interpretations of the econometric 
analyses. In the VAR models the variables must meet the stationarity condition, 
which is essential for robust results. Hence, unit root tests are carried out before 
employing the SVAR analysis: both classical unit root tests with a single structural 
break such as Phillips-Perron (1988), Ng-Perron (2001), and Zivot-Andrews 
(1992), and Lee and Strazicich (2003) LM tests with two structural breaks (See 
Tables 5, 6, and 7 in the Appendix). When these unit root tests are evaluated 
together it is determined that the integration degree of the volatility series is I (0), 
and the real exchange rate, exports, and imports are I (1). Finally, although the 
Phillips-Perron (1988) and Lee and Strazicich (2003) tests show that the income 
variable is stationary at the first difference, according to the Ng-Perron (2001) 
and Zivot-Andrews (1992) tests it is stationary at level. The graph of the series 
shows that there is only one structural break, so the result of the Zivot-Andrews 
(1992) test with one structural break is considered. Therefore, the income variable 
is I (0). 

Both domestic and global economic crises and the policies implemented because 
of those crises may cause structural breaks in the macroeconomic dataset. 
Therefore, considering structural breaks in the analyses of macroeconomic data 
ensures that the results are more consistent. The SVAR models assume that 
structural parameters remain constant throughout volatility regimes. Bacchiocchi 
and Fanelli (2012, 2015) state that this assumption might be valid to some extent, 
but this situation is controversial for macroeconomic data since there is 
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parameter instability. Hence, structural breaks may have noticeable consequences 
for both the transmission and propagation shock mechanisms (Bacchiocchi and 
Fanelli, 2015, p.2). 

In this context, in this study both structural break unit root tests and Bai and 
Perron’s (2003) multiple structural break tests are used to investigate the presence 
of a structural break (see Table 8 in the Appendix). Structural break unit root tests 
mostly reveal that there is a break in 2008. According to the Bai and Perron (2003) 
test, the break dates are 2008M11 and 2012M02. The mortgage crisis that 
emerged in the US real estate market in mid-2007 caused a global economic crisis 
towards the end of 2008. Therefore, it is thought that the 2008 global crisis led to 
the structural break in Turkey’s economy. Since the variables used in the study 
are directly affected by global market conditions, 2008M11 is considered as a 
break date. The data set is divided into two regimes starting from the period after 
the break date and the impulse-response functions between the variables are 
examined. 

The confidence intervals required for impulse response functions are obtained 
using Monte Carlo simulations. In order to get reliable results, both of the dashed 
lines must be on either the positive or the negative side (Yamak and Korkmaz, 
2005:26). In addition, Abrigo and Love (2016) state that the effect is insignificant if 
the confidence intervals include the zero line (Abrigo and Love, 2016: 795). This 
study considers these two facts regarding the results of the impulse-response 
analysis. Impulse-response analysis can examine the effect of a shock in one 
variable on other variables. The impulse-response functions of the shocks on 
exports are presented in Figure 2. Ninety-five per cent confidence intervals, that are 
shown with the dashed lines, are established to show the parameter uncertainty, the 
future 10-month responses are considered, and the 500 bootstrapped iterations are 
used. The Akaike Information Criteria (AIC) is chosen for the lag length selection 
of the VAR model, which is determined to be 2. 

This paper uses real effective exchange rate. In this case, increasing the real 
exchange rate, which is an indication of revaluing the Turkish Lira, and the 
expectation of a rising exchange rate level are supposed to hinder the export level. 
Therefore, a negative relationship is expected between exchange rate and exports.  
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In Figure 2, it seems that the increase in the real exchange rate has a positive 
impact on exports for 4 months. This effect is negative in the 5th and 6th months 
and balances in the following months. However, the impact is statistically 
insignificant. This insignificant relationship between real exchange rate and 
exports is consistent with Aktaş’s (2010) findings. Contrary to the real exchange 
rate, the effect of shocks in exchange rate volatility on exports is negative, but this 
effect is also insignificant. It is observed that the external revenue affects Turkey’s 
exports positively, and this effect is statistically significant for the first two 
months. Increasing foreign demand is an important driving factor for exports. 
Therefore, the positive effect of external income on exports is in accordance with 
the economic theory. Finally, imports do not affect exports. This result 
contradicts the results of Köse and Aslan (2020), who find that exports respond 
increasingly to shocks in imports. 

Figure 2: The variables’ impulse-response functions (2003–2019) 

 

The stationarity degrees of the variables for the sub-periods are examined with 
the Phillips-Perron unit root test. Except for the real exchange rate, all variables 
are found to be stationary at the first difference in both the first and second sub-
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periods. While the real exchange rate variable is stationary at its level in the first 
sub-period, it meets the stationarity condition after taking the first difference in 
the second sub-period examined (see Table 9 in the Appendix). 

Figures 3 and 4 show the impact of real exchange rate, exchange rate volatility, 
income, and import shocks on exports for the pre-global-crisis and post-global-
crisis periods. The appropriate lag length is 2 for both sub-periods according to 
AIC. 

In the pre-global-crisis period (see Figure 3) the response of exports to shocks in 
exchange rates is positive, and insignificant. This result contradicts the hypothesis 
which suggests that exports will become more expensive as a result of the 
appreciation of a country’s real effective exchange rate, and thus exports will 
suffer. However, Saatcioğlu and Karaca (2004) also find similar results for the 
Turkish economy. On the other hand, in the post-crisis period (see Figure 4) the 
impact of the exchange rate on exports fluctuates and becomes zero as of the 6th 
month, but this effect is not statistically significant. The latter can be explained by 
considering global markets in the global crisis. A similar relationship is observed 
in the response of exports to external income. However, although foreign income 
has a significant positive effect in the first months of the pre-crisis period, there 
is no significant influence in the post-crisis period. The response of exports to 
shocks in exchange volatility is negative in the pre-crisis period. In other words, 
exchange rate uncertainty reduces exports in Turkey. However, this impact is not 
statistically significant. In the post-crisis period, exports respond to shocks by first 
decreasing, then increasing and decreasing again. The response is statistically 
significant for the first period. Finally, imports are ineffective in both periods. 
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Figure 3: The variables’ impulse-response functions pre-global financial crisis 
(2003:01–2008:11)  

 

Figure 4: The variables’ impulse-response functions pre-global financial crisis 
(2008:12–2019:12) 
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The most recent study investigating the relationship between real exchange rate 
and exports for Turkey’s economy is by Köse and Aslan (2020). The findings of 
this paper differ from Köse and Aslan (2020) in terms of the impact of imports 
on exports. The study finds that, contrary to expectations, imports do not have a 
significant effect on exports. The most recent figure showing the share of imports 
in exports is from 2016 and is 16.5% (OECD, 2021). This shows that Turkish 
exports are not highly dependent on imported inputs. Examining the relationship 
between variables on a sector basis rather than at the macro level would provide 
more reliable results and show the effects of imports on exports more clearly. 

4. CONCLUSION 

Exports are a component of aggregate demand, which is why most researchers 
agree that an increase in exports contributes positively to economic growth 
through increasing aggregate demand. In addition, increased exports eliminate 
foreign exchange shortages, reduce production costs, increase employment, allow 
the appropriate allocation of the division of labour and resources, and can 
encourage the implementation of new technologies. Therefore, appropriate ways 
of achieving a sustainable export volume as an essential step for increasing welfare 
are extensively researched in the economics literature. With the liberalisation of 
international trade and capital markets and the transition to a floating exchange 
rate regime, the effects of exchange rate and/or exchange rate volatility on foreign 
trade have been the subject of considerable debate. Turkey’s economy is based on 
a dual currency system as a result of high levels of dollarisation and has struggled 
constantly with a current account deficit problem. Therefore, it is important to 
define the relationship between exchange rate and foreign trade correctly. 

The connection between real exchange rate and foreign trade data for the period 
2003:01–2019:12 was analysed using SVAR. Since the dataset includes the 2008 
global crisis the analyses took structural breaks into account. When structural 
breaks are neglected, it appears that the impact of real exchange rate, volatility, 
and imports on exports is not statistically significant. On the other hand, shocks 
in external income have a positive and significant impact on exports in the first 
two months. These results suggest that Turkey’s exports are mostly affected by 
external demand. Regarding the structural breaks, the response of exports to the 
shocks is an increase in the real exchange rate and this effect reaches equilibrium 
after the 6th and 7th months. Again, this response is not significant. The impact of 
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exchange rate volatility on exports is negative in the first period but the direction 
of the response changes in the second period. However, these effects are found to 
be statistically insignificant. 

This study shows that exchange rate volatility has no effect on exports. Therefore, 
the hedging practices of exporting companies (such as forward, option, and swap 
contracts) should be examined. In addition, because the Turkish economy has an 
increasingly important current account deficit problem and an increasing 
exchange rate, it should not be deduced from the results that the risks brought by 
volatility, and the negative effects of these risks on foreign trade, can be ignored. 
This situation justifies the concerns in the literature that volatility will adversely 
affect foreign trade. While the depreciation of the Turkish lira is expected to 
increase exports economically, both the increasing uncertainty and the cost of 
importing intermediate goods, especially in the manufacturing sector, may pose 
a significant problem for manufacturers.  

Examining the relationship between volatility and foreign trade based on sectors 
would provide more consistent results. Using aggregated export data may cause 
aggregation biases, so working with sector-based data to eliminate possible biases 
might be more effective. The consequences of national and international and 
positive and negative externalities are different for each sector. Thus, further 
studies could produce more reliable evidence by paying attention to sector-based 
export data and structural breaks. 
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APPENDIXES 

Table 2: ARCH LM Test 

χ2 statistics 180.99 
p value 0.0000 

 

Table 3: GARCH model statistics 

Variable EGARCH(1,1) 

mu 
4.51*** 
(255.3) 

AR(1) 
1.145*** 
(26.27) 

AR(2) 
–0.148*** 

(–3.33) 

Omega 
–2.153 

(–1.126) 

Alpha1 
–0.143 

(–1.483) 

Beta1 
0.704** 
(2.657) 

Gamma1 
0.066 

(0.370) 
Akaike Information Criteria –4.51 

Schwarz Information Criteria –4.38 
Note: Values in parentheses are t statistics. *, **, and *** indicate significance levels at 10%, 5%, 
and 1%, respectively. 

Table 4: Heteroskedasticity and autocorrelation test results 

Model: ARMA (2,0) – EGARCH (1,1) 
ARCH Test [3] 0.249 (0.62) Q [1] 0.317 (0.57) Q2 [1] 0.083 (0.77) 
ARCH Test [5] 0.290 (0.94) Q [5] 3. 655 (0.14) Q2 [5] 1.387 (0.76) 
ARCH Test [7] 2.667 (0.58) Q [9] 5.877 (0.28) Q2 [9] 3.555 (0.66) 
Note: The values in square brackets show the lag lengths, and the values in parentheses show the 
probability values of the relevant statistics. 
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Table 5: Ng-Perron and Phillips-Perron unit root test results 

Variable 
Ng-Perron 

Phillips-
Perron 

MZa MZt MSB MPT t-statistics 
lnX –2.246 –0.928 0.413 34.48 –2.613 

ΔlnX –95.61*** –6.912*** 0.072*** 0.959*** –19.77*** 
lnEXR –4.756 –1.442 0.303 18.56 –3.638** 

ΔlnEXR –88.14*** –6.638*** 0.075*** 1.034*** – 
lnM –1.331 –0.643 0.483 48.01 –2.587 

ΔlnM –16.08* –2.813* 0.175* 5.809* –14.62*** 
lnY –17.68** –2.972** 0.168* 5.161** –2.368 

ΔlnY – – – – –15.69*** 
VOL –66.97*** –5.785*** 0.087*** 0.371*** –7.075*** 

Note: ln denotes logarithmic transformation, Δ denotes the difference operator. ***, **, and * 
indicate that the null hypothesis is rejected at 1%, 5%, and 10% significance levels, respectively. A 
constant-trend model is considered for all variables except for the VOL variable, and a constant 
model for the VOL variable. The appropriate lag length in the Ng-Perron test is determined 
according to the Schwarz Information Criteria, and the lag length in the Phillips-Perron test is 
determined according to Newey-West. 

Table 6: Zivot-Andrews unit root test results 

Variable Test statistic TB λ 
lnX –4.345 2008M10 0.34 

ΔlnX –19.88*** 2009M06 0.38 
lnEXR –4.766 2016M10 0.81 

ΔlnEXR –10.80*** 2006M07 0.21 
lnM –4.005 2010M07 0.45 

ΔlnM –6.720*** 2009M03 0.36 
lnY –6.374*** 2008M10 0.34 

VOL –7.662*** 2009M05 0.37 
Note: ln denotes logarithmic transformation, Δ denotes the difference operator, TB denotes the 
break date and λ denotes the break point (TB/T). The calculated t-statistics values are compared 
with the table critical values of Zivot and Andrews (1992). The mentioned table critical values are 
1%: –5.57, 5%: –5.08 for the C model. *** indicates that the null hypothesis is rejected at the 1% 
significance level. 
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Table 7: Lee and Strazicich (2003, 2004) two break points LM unit root test 
results 

Variable Test statistic TB λ 
lnX –5.164 2008M08, 2011M03 0.33, 0.48 

ΔlnX –13.45*** 2007M05, 2009M03 0.26, 0.36 
lnEXR –5.199 2011M07, 2017M02 0.50, 0.83 

ΔlnEXR –11.001*** 2004M08, 2008M10 0.10, 0.34 
lnM –4.990 2008M09, 2011M01 0.33, 0.47 

ΔlnM –7.281*** 2007M12, 2010M12 0.29, 0.47 
lnY –5.152 2008M08, 2010M01 0.33, 0.42 

ΔlnY –9.283*** 2008M02, 2009M01 0.30, 0.36 
VOL –7.428*** 2008M03, 2009M12 0.31, 0.41 

Note: ln denotes logarithmic transformation, Δ denotes the difference operator, TB denotes the 
break date, and λ denotes the break point (TB/T). C model is estimated for unit root test. *** 
Indicates that the null hypothesis is rejected at the 1% significance level. 

Table 8: Bai-Perron multiple structural break test results 

Specification 
y� � �lnX��          z� � �l, VOL�, 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙� , lnY�, lnM��             q = 5             p = 0      
h = 30        M = 2          ε = 0.15 

Break 
Number 

F-statistic 
Scaled 

F-statistic 
Weighted 
F-statistic 

UD max 
statistic 

WD max 
statistic 

1 54.582** 272.911** 272.911** 
308.654** 360.228** 

2 61.731** 308.654** 360.228** 
Break Numbers (Selected according to the Information Criteria) 

Sequential                           2 
BIC                                      2 
LWZ                                    2 

Break Dates 
2008M11             2012M02 

Note: y� denotes dependent variable, z� denotes independent variables changing on the basis of 
regimes, q denotes the number of independent variables changing on the basis of regimes, p denotes 
the number of unchanging independent variables on the basis of regimes, h denotes the minimum 
number of observations in any regime, M denotes the number of max breaks, and ε denotes 
trimming percentage. ** indicates the rejection of the main hypothesis at the 5% significance level. 
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Table 9: Phillips-Perron unit root test results/sub periods 

Variable 
Phillips-Perron test statistics 

First Sub-Period  
(2003:01–2008:11) 

Second Sub-Period  
(2008:12–2019:12) 

lnX –1.575 –2.286 
ΔlnX –10.088*** –19.614*** 

lnEXR –3.489** –0.934 
ΔlnEXR – –9.690*** 

lnM –2.212 –2.404 
ΔlnM –5.639*** –13.657*** 
lnY –1.367 –1.181 

ΔlnY –9.136*** –14.546*** 
VOL –3.745 –5.936*** 

Note: ln denotes logarithmic transformation and Δ denotes the difference operator. ***, **, and * 
indicate that the null hypothesis is rejected at 1%, 5%, and 10% significance levels, respectively. The 
lag length is determined according to Newey-West. 
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1. INTRODUCTION  

There has been a substantial increase in the public debt of many emerging 
economies, such as India, China, and Brazil. In addition to the global financial 
crisis of 2008 and frequent downturns in business activities, the COVID-19 
pandemic has created an unprecedented setback for several economies, 
particularly emerging economies, in their efforts to mitigate the economic 
damage of mounting public debt. Figure 1 plots the ratio of gross debt to gross 
domestic product (GDP) in Brazil, Russia, India, China, and South Africa 
(popularly termed the ‘BRICS’ countries). This shows that Brazil’s gross debt as a 
percentage of GDP increased from 60% in 2013 to a historic 99% in 2020. 
Considering the sheer size of China’s economy, it is not surprising that public 
debt as a percentage of GDP in China has almost doubled in the last 10 years. 
Similarly, public debt in India as a percentage of GDP increased by 23 points 
between 2014 and 2020. Since the onset of the global financial crisis in 2008, 
public debt in South Africa has increased from 27% in 2007 to 77% in 2020. For 
many emerging economies, crossing the desired level of public debt is a major 
cause for concern. As mentioned earlier, the COVID-19 pandemic and 
subsequent fiscal constraints are likely to make these emerging economies more 
fragile and less resilient to macroeconomic instability.  

Most economists consider public borrowing necessary for emerging economies 
to enhance their economic stability and sustainable growth, as such economies 
are often constrained by financial resources, particularly in the initial phases of 
development. However, as noted by Krugman (1988), beyond a desired level, 
public debt, which differs across countries, often poses a major threat to achieving 
potential growth because it involves an enormous repayment cost in the future. 
As a result, a substantially high public debt is likely to put the nation in a perpetual 
debt trap, leading to a state of unproductive utilisation of funds and increased 
service costs (Pegkas, 2018; Mhlab & Phiri, 2019). In the aftermath of the 2008 
global financial crisis it is increasingly being recognised that the sluggish growth 
of business, coupled with the crippling level of public debt, tends to stifle not only 
the ability of a country to honour the obligation of debt repayment but also its 
fiscal policies (Alper & Forni, 2011). In sum, an excessive level of public debt has 
the potential to affect the stability of an economy, capital formation, and 
consumption expenditure (Pegkas, 2018).  
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Figure 1: Gross Public-Debt-to-GDP ratio in BRICS from 2000 to 2020. 

 
Source: Fiscal Monitor, IMF 2020 

1.1 AN OVERVIEW OF THE DEBT–GROWTH NEXUS IN INDIA 

The increasing public debt in many emerging economies has spurred a renewed 
interest in investigating the relationship between public debt and economic 
growth (Bilan & Ihnatov, 2016; Chudik et al., 2018). In this paper we explore the 
relationship between India’s economic growth and its public debt (Figure 2). 
According to a status report by the Reserve Bank of India, the government’s 
public borrowing stood at 68.2% of GDP in 2017–2018. As a result of increasing 
external debt, India has begun to substitute domestic debt for external debt 
(Hanson, 2007; Panizza, 2008). An examination of the composition of internal 
and external public debt shows that India’s internal debt as a percentage of its 
GDP has increased consistently, while a declining trend has been observed in the 
government’s external borrowing during the period 2011 to 2017. Since 2017 the 
country’s external debt has begun to rise. It is to be noted that India’s outstanding 
external debt has surpassed its foreign exchange reserves. While foreign exchange 
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reserves reached US $440 billion, the outstanding external debt increased from 
US $471 billion in March 2017 to US $544 billion in March 2019, at a compound 
annual growth rate of 7.47%. However, in the midst of the COVID-19 pandemic 
and increasing global uncertainty the Union government’s efforts to reduce the 
debt to 40% of GDP by 2025 appear to be a difficult task.  

Figure 2: Log of real GDP and log of public debt 

 

Against this backdrop, the purpose of this paper is to examine whether there is 
any causal relationship between public debt and economic growth in India. Our 
study is distinct from the previous literature in three ways. First, the study 
employs the Bayer and Hanck (2013) technique to examine the co-integrating 
relationship between the chosen variables. The Bayer and Hanck cointegration 
test is a recent technique that is more robust and reliable as it integrates four 
distinct cointegration methods. Second, we employ the autoregressive distributed 
lag (ARDL) bounds test of cointegration and checked the robustness of the results 
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by comparing the results obtained using the Bayer and Hanck method. The ARDL 
bounds test also facilitates the estimation of long-run and short-run coefficients. 
Third, this study adds to previous literature by examining the role of foreign 
exchange reserves in influencing the relationship between debt and economic 
growth in the Indian context.  

The rest of the paper is composed of five sections. The second section focuses on 
the review of previous studies in the published literature, followed by the data 
sources and econometric methods in the third section. The fourth section 
presents the empirical results obtained and discussions derived from econometric 
analysis. The last section lays out the conclusion and discusses policy 
implications. 

2. LITERATURE REVIEW  

The relationship between public debt and economic growth has been studied 
extensively in economics literature (Barro, 2002; Panizza, 2008; Reinhart & 
Rogoff, 2010). Broadly speaking, numerous studies have focused on the adverse 
impact of debt on economic growth in the long run by suggesting changes to the 
tax structure to finance interest liabilities (Diamond, 1965; Drine & Nabi, 2009;  
Kumar & Woo, 2010; Checherita-Westphal & Rother, 2012; Swamy, 2015). The 
more recent studies suggest that public debt is likely to reduce consumers’ 
income, consumption, and savings and the country’s capital stock formation, 
which in turn will affect economic growth (Pattillo et al., 2004; Cochrane, 2011; 
Pegkas, 2018). In the following paragraphs we provide a detailed analysis of 
various empirical studies.  

An empirical study of the debt–growth nexus in 38 developed and emerging 
economies over the period 1970 to 2008 by Woo and Kumar (2015) indicates that 
debt and growth are negatively related, conforming to theoretical literature. More 
specifically, a 10% rise in a country’s public debt is likely to reduce its growth by 
0.2%, mainly due to the decline in labour productivity and investment. In an 
analysis of 12 European countries during the period 1970 to 2008, Checherita-
Westphal and Rother (2012) show that private investment, public investment, 
and total factor productivity are three channels through which debt retards 
economic growth. Panizza and Presbitero (2014), in their analysis of 17 countries 
in the Organization for Economic Co-operation and Development (OECD), 
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support the general argument that a prospective decline in economic prosperity 
could lead to a rising public-debt-to-GDP ratio. Swamy (2015) also shows that 
economic growth uniformly causes debt.  

Conversely, Elmendorf and Mankiw (1999) point out that public debt facilitates 
the formation of gross fixed capital and the overall production level, augmenting 
the disposable income of the nation in the short run. However, the outcome of 
public debt is different in the long run. High public debt might affect the effective 
utilisation of public expenditure due to increased uncertainty from a possible hike 
in future interest rates and a contraction in private investment (Cochrane, 2011; 
Teles & Cesar Mussolini, 2014).  

It should be noted that trade openness and institutional quality can to some extent 
leverage the effect of public debt on economic growth (Kourtellos et al., 2013). 
Drine and Nabi (2009), in their analysis of 27 developing countries over the 
period 1970 to 2005, show that a rise in external debt leads to a decline in 
production efficiency. Similarly, in an examination of 61 developing nations for 
the period 1996 to 1998, Pattillo et al. (2004) report that the adverse effect of high 
debt on economic growth works through a substantial change in capital 
formation. It is worth noting that Schclarek’s (2005) analysis of panel data on 24 
developed and 59 developing nations over the period 1970 to 2002 shows that 
there is a reverse relationship between debt and economic growth in the case of 
developing economies, unlike in developed nations. Moreover, the export of 
goods and investment positively contribute to GDP growth. In a study of the 
linkages between growth, productivity, and government debt involving a panel of 
155 nations, Afonso and Tovar (2013) note that the public debt is negatively 
associated with economic growth. More importantly, while fiscal consolidation 
stimulates growth, financial crisis acts as an impediment to economic recovery.  

While Ogunmuyiwa (2011) notes a fragile and weak association between debt and 
growth, Égert (2015) argues that the relationship between debt and growth could 
weaken when economies move towards high indebtedness. As shown by Abbas 
and Christensen (2010), a medium level of domestic debt contributes positively 
to growth in low-income and emerging countries. On the contrary, high domestic 
debt is likely to impede better economic performance.  
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A few scholars are of the view that foreign exchange reserves are a relevant 
macroeconomic variable, implying that currency misbalance and dependency on 
external funding will have an adverse impact on the performance of economic 
growth during economic crises (Llaudes et al., 2010; Calvo et al., 2013; 
Feldkircher, 2014). However, evidence suggests that the relationship between 
growth and foreign exchange reserves is statistically insignificant in economies 
with higher foreign reserves (Berkmen et al., 2012). Similarly, Llaudes et al. (2010) 
observe that holding a higher level of foreign exchange reserves paves the way for 
diminishing returns.  

An empirical study in India suggests that debt affects economic growth through 
interest liability in the future (Rangarajan & Srivastava, 2005). As shown by 
Kannan and Singh (2007), a crippling level of public debt has an adverse effect on 
interest rates, output, and trade balance in the long run, gradually negatively 
affecting economic growth. Moreover, an increase in public debt is likely to 
reduce public expenditure, which further aggravates economic growth (Pradhan, 
2016). In brief, most studies determine the relationship between debt and 
economic growth by focusing on the change in debt servicing, exports, and total 
factor production (Bal & Rath, 2014).  

Our review of existing studies identifies two key issues for further investigation. 
First, although the relationship between public debt and economic growth is 
widely examined, the long-run relationship between these two variables is often 
inconclusive. Similarly, the direction of causality is ambiguous in the case of 
developing economies. Second, the limited literature on the debt–growth nexus 
in India seldom considers the role of other macroeconomic variables in 
determining the causal relationship between public debt and economic growth.  

3. DATA SOURCES  

This study uses annual time series data for the Indian economy between 1984 and 
2019. Data for GDP, gross final consumption expenditure (GFCE), gross fixed 
capital formation (GFCF), imports–exports, and inflation (INF) rate are sourced 
from the World Development Indicators (World Development Indicators, 2019). 
The remaining data, namely foreign exchange reserves (FXR) and debt, are taken 
from the Handbook of Indian Statistics released on the Reserve Bank of India 
database. For the analysis, trade openness (TRADE) is taken as the proportion of 
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the sum of exports and imports to GDP. Similarly, public debt ratio is computed 
by dividing by GDP.  

4. ESTIMATION PROCEDURE  

As mentioned earlier, we employ one of the most recent techniques, proposed by 
Bayer and Hanck (2013), to examine cointegration between the variables of 
interest. The Bayer-Hanck approach is more reliable and robust, as it integrates 
four individual cointegration techniques. Taking a cue from Umar et al. (2020), 
we formulate Fisher’s equation in the following manner:  

�� � ��� �  �2�𝑙𝑙𝑙𝑙�𝑃𝑃��� � 𝑙𝑙𝑙𝑙�𝑃𝑃����� (1) 

�� � ��� � �� � ��� �  �2�𝑙𝑙𝑙𝑙�𝑃𝑃��� � 𝑙𝑙𝑙𝑙�𝑃𝑃���� � 𝑙𝑙𝑙𝑙�𝑃𝑃��� � 𝑙𝑙𝑙𝑙�𝑃𝑃�����  (2) 

where EG, JOH, BO and BDM represent the different tests formulated by Engle 
and Granger (1987), Johansen (1991), Boswijk (1994) and Banerjee et al. (1998), 
respectively. P stands for the probability value of each individual test of 
cointegration. 

Further, in order to check the robustness of results obtained using the Bayer-
Hanck method (2013) we use the ARDL bounds test, which has two important 
features. First, it can be applied where variables are integrated of equal order or a 
mixture of both. Second, the estimated coefficients using ARDL are more robust 
than the Johansen approach when the sample size is small (Pesaran and Shin, 
1995). Therefore, using the following equation, we examine the long-run 
coefficients of public debt, economic growth, and other variables in the model: 

lnY�  �  α� �  𝛽𝛽�ln𝑌𝑌��� �  𝛽𝛽�lnDEBT��� �  𝛽𝛽�lnGFCF��� �  𝛽𝛽�lnGFCE��� � 

� 𝛽𝛽�lnTRADE��� �  𝛽𝛽�𝑙𝑙𝑙𝑙INF��� �  𝛽𝛽�𝑙𝑙𝑙𝑙FXR��� �  𝜔𝜔�   (3) 

where ln refers to the natural log of the variables, Y is the GDP, DEBT is the ratio 
of public debt to GDP, GFCF is the gross fixed capital formation, GFCE is the 
government final consumption expenditure, TRADE is the trade openness, INF 
is the inflation, and FXR is the foreign exchange reserves. While ωt in the model 
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represents the error term with constant mean and variance, t is the time. As usual, 
𝛼𝛼 is the constant term, and β denotes the coefficients of the variables.  

Similarly, Equation (4) shows the short-run co-integrating relationship with a set 
of variables, and δ represents the coefficients of the variables. The optimal lagged 
values of each variable based on Schwarz criteria are explained by a, b, c, d, e, f, 
and g.  

∆lnYt �  α�  �  ∑ 𝛿𝛿�∆ln𝑌𝑌������� �  ∑ 𝛿𝛿�∆lnDEBT������� �
 ∑ 𝛿𝛿�∆lnGFCF������� �  ∑ 𝛿𝛿�∆lnGFCE������� �  ∑ 𝛿𝛿�∆lnTRADE������� �
 ∑ 𝛿𝛿�∆lnINF����

��� �  ∑ 𝛿𝛿�∆lnFXR���
�
���  �  𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑���  (4) 

The error correction term (ECT) measures the pace of the model’s adjustment 
back towards equilibrium in the face of any shock in the economy. Significant 
negative ECT indicates long-run causality among the variables. Lastly, we test the 
direction of the causality between public debt and economic growth by applying 
the Granger causality test. The null hypothesis of the test assumes that there is no 
Granger causality. It should be noted that the optimal lag length and the 
maximum integrated order required for the causality test are estimated through 
the vector autoregression (VAR) approach and Augmented Dickey-Fuller (ADF) 
and Phillips-Perron tests, respectively.  

5. EMPIRICAL RESULTS  

5.1 Descriptive statistics  

Table 1, which presents the descriptive statistics of the variables under study, 
shows that the distribution of each variable is nearly symmetrical over the chosen 
period. Interestingly, the mean and median estimates for most of the variables are 
very close to each other. The skewness estimates indicate that all the variables are 
positively skewed except TRADE, INF, and FXR. The findings of the Jarque-Bera 
test point to the non-rejection of the null hypothesis even at a 10% significance 
level, and hence confirm that all the variables are normally distributed. 
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Table 1: Descriptive statistics of the variables 

  lnGDP lnDEBT lnGFCF lnGFCE lnTRADE lnINF lnFXR 

 Mean 31.520 4.248 30.148 29.293 –1.323 1.941 28.412 
 Median 31.464 4.244 30.119 29.267 –1.342 2.003 28.759 
 Maximum 32.612 4.422 31.429 30.436 –0.578 2.630 31.215 
 Minimum 30.515 4.024 28.858 28.266 –2.120 0.913 24.859 
 Std. Dev. 0.641 0.081 0.829 0.613 0.542 0.421 2.133 
 Skewness 0.118 0.101 0.062 0.145 –0.158 –0.399 –0.409 
 Kurtosis 1.788 4.006 1.607 1.869 1.512 2.361 1.780 
 Jarque-Bera 2.288 1.580 2.933 2.044 3.472 1.569 3.236 
 Probability 0.318 0.454 0.231 0.360 0.176 0.456 0.198 
Source: Authors’ calculations 

5.2 Unit root test  

The purpose of the unit root is to examine the stationarity of the series and order 
of integration of each variable; i.e., GDP, DEBT, GFCF, GFCE, TRADE, FXR, and 
INF. For the analysis we conducted two different unit root tests in the paper: ADF 
and PP. The null hypothesis of the test assumes the presence of the unit root 
against the alternative hypothesis that the time series is stationary. The Akaike 
criterion is used to estimate the optimal lag length for all the macroeconomic 
variables. The results obtained from the ADF and PP tests indicate that the null 
hypothesis is not rejected at level for any of the series. However, each series 
becomes stationary after taking the first difference (Table 2).  
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Table 2: Results of the unit root test 

Variable Level Data First Difference  
Inference ADF PP ADF PP 

lnGDP –2.172 –1.837 –4.406*** –8.591*** I[1] 
lnDEBT –2.657 –2.751 –3.250* –3.892** I[1] 
lnGFCF –2.101 –2.042 –7.333*** –7.317*** I[1] 
lnGFCE 0.747 –1.664 –5.392*** –3.479** I[1] 

lnTRADE –0.045 –0.528 –4.699*** –4.718*** I[1] 
lnFXR –1.044 –1.306 –3.565** –3.888** I[1] 
lnINF –3.089 –2.858 –4.699*** –6.836*** I[1] 

I[1] shows the integration order of one. 
***, **, * Significant at 1%, 5%, and 10%, respectively. 
Source: Authors’ calculations 

5.3 Bayer and Hanck cointegration Test 

The Bayer-Hanck cointegration approach provides a combined test decision of 
multiple cointegration methodologies. The basic assumption of the approach is 
that the null hypothesis of no cointegration is rejected if the F-statistic exceeds 
the critical values. Table 3 shows that the F-statistic is higher than the critical 
value in both cases. Therefore, we cannot accept the null hypothesis. The results 
suggest the existence of cointegration among the selected variables in the long 
run. 

Table 3: Bayer-Hanck cointegration test 

 F-Statistic Decision 
Model EG-J EG-J-Ba-Bo  
lnGDP = f(lnDEBT, lnGFCF, 
lnGFCE, lnTRADE, lnINF, lnFXR)  

55.876*** 55.931*** Cointegration 

Critical Values at 5% level of 
significance 

10.352 19.761   

***, **, * Significant at 1%, 5%, and 10 %, respectively. 
Source: Authors’ calculations 
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5.4 ARDL bounds test for cointegration  

Following the Bayer-Hanck cointegration test, we conducted the ARDL bounds 
test proposed by Pesaran et al. (2001) to test the long-run relationship between 
debt and growth. The suitability of this model is validated by conducting 
normality (Table 1), autocorrelation (Appendix B), and heteroscedasticity 
(Appendix A) tests. The model clears all the standard diagnostic tests. The null 
hypothesis of the bounds test assumes that there is no level of relationship 
between the variables. It is evident from Table 4 that the null hypothesis is rejected 
at a 1% significance level as the F-statistic is higher than the lower and upper 
bounds.  

Table 4: Bounds test for cointegration 

F-statistic Level of significance Lower critical value Upper critical value 
5.296121 10% 2.53 3.59 

  5% 2.87 4.00 
  2.50% 3.19 4.38 
  1% 3.6 4.9 

Source: Authors’ calculations 

5.4.1 Long-run and short-run estimates  

Table 5 reports the results of the long-run estimates of the ARDL model. The 
negative coefficient of the debt-to-GDP ratio implies that a 1 unit increase in debt 
causes a 0.23 unit decrease in economic growth in the long run. The findings are 
consistent with the extant literature (Sen et al., 2007; Drine & Nabi, 2009; Kumar 
& Woo, 2010; Ogunmuyiwa, 2011). However, capital formation has a significant 
positive effect on economic growth in the long run and expenditure affects 
economic growth negatively, as demonstrated by Adhikary (2011) and Aigheyisi 
(2013). As expected, both trade openness and inflation have a negative impact on 
economic growth in the long run (Hodge, 2006; Were, 2015). The country’s 
holding of foreign exchange reserves has a significant adverse effect on growth. A 
change of 1 unit of foreign exchange reserves leads to a negative change of 0.03 
units in GDP growth. The findings are in line with some of the previous empirical 
investigations (Ben-Bassat & Gottlieb, 1992; Aizenman & Marion 2003; 
Nathaniel & Oladiran 2018). The foreign exchange reserves of India have been 
rising continuously and the literature suggests that a when a developing country 
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has a consistent and huge rise in foreign exchange reserves it can result in 
problems such as soaring inflation and fiscal costs, high interest rates, and the 
promotion of imports, which could affect growth negatively (Mohanty & Turner 
2006; Prasad et al. 2007; Park & Estrada 2009)  

Table 5: Long-run estimates of the ARDL model 

Variables Coeff. Std. Err. t-Stat. Prob. 
lnDEBT(–1) –0.234 0.040 –5.863 0.000 
lnGFCF(–1) 0.205 0.045 4.592 0.000 
lnGFCE(–1) –0.044 0.051 –0.863 0.397 
lnTRADE(–1) –0.048 0.024 –2.014 0.056 
lnINF(–1) –0.040 0.008 –5.157 0.000 
lnFXR(–1) –0.031 0.010 –3.152 0.005 

Source: Authors’ calculations 

Similarly, Table 6, which presents the short-run estimates of the ARDL model, 
shows that debt also affects growth negatively by 0.426 units in the short run. 
Trade openness, inflation, and foreign exchange reserves also have a significant 
adverse effect on growth. The financial markets of emerging economies are not 
well established and their absorptive capacity for foreign exchange reserves is 
limited (Gould, 2003; Polterovich & Popov, 2004). Hence, enlarged FXR affect 
economic growth through rising inflation and high imports (Prasad et al. 2007) . 
However, expenditure and capital formation positively respond to growth in the 
short run at the 10% and 1% levels of significance, respectively. The existence of 
a long-run relationship is confirmed by the error correction term (Banerjee et al., 
1998). The ECT measures the speed of adjustment, and it should be negative in a 
range between 0 and 1. The findings suggest that the coefficient of ECT is negative 
and significant, implying that the dependent variable adjusts to changes in the 
independent variables at a speed of almost 88% to converge towards long-run 
equilibrium within a year. 
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Table 6: Short-run estimates of ARDL model 

Variables Coeff. Std. Err. t-Stat. Prob. 
C 24.315 4.343 5.599 0.000 

TREND 0.049 0.009 5.47 0.000 
D(lnDEBT) –0.426 0.074 –5.749 0.000 
D(lnGFCE) 0.100 0.055 1.809 0.084 
D(lnGFCF) 0.119 0.04 2.957 0.007 
D(lnTRADE) –0.042 0.024 –1.778 0.089 
D(lnFXR) –0.028 0.009 –3.141 0.005 
D(lnINF) –0.024 0.006 –4.045 0.001 
ECT(–1) –0.882 0.128 -6.869 0.000 

Source: Authors’ calculations 

5.4.2 Stability test  

As explained by Brown et al. (1975), the cumulative sum of recursive residuals 
(CUSUM) test and the CUSUM of the square (CUSUMQ) test are used to check 
a model’s robustness and stability. Interestingly, the cumulative sum of the 
estimated parameters should not move beyond the critical area at a 5% level of 
significance. Figure 3 and Figure 4, which present the fall of the regression 
coefficients within the boundaries of critical values at a 5% significance level, 
indicate that the model is stable.  

Figure 3: CUSUM Test    Figure 4: CUSUM Square Test 
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5.5 Granger causality test results 

The cointegration tests do not shed light on the direction of causality. Therefore, 
in this study the direction of the causality is confirmed using the Granger 
causality test. The empirical results presented in Table 7 show that the first null 
hypothesis, which states that debt does not cause GDP, can be rejected as its p-
value is significant at a 5% level. However, the second null hypothesis that GDP 
Granger-causes debt cannot be rejected due to an insignificant p-value. Hence, 
the results confirm that unidirectional causality runs from debt to economic 
growth in both the short run and the long run. The rest of the results of the 
Granger causality test of all variables with GDP are given in Appendix C. We 
found a unidirectional causality moving from GDP to GFCF and GFCE, and also 
from TO and FXR to GDP. Similar to the findings of Riyath and Ismail (2018), 
the results of our study also suggest bidirectional causality between INF and GDP.  

Table 7: Granger causality test 

 Null Hypothesis:  F-Statistic Prob.  
    
 lnDEBT does not Granger-Cause lnGDP  16.16439 0.059665 
 lnGDP does not Granger-Cause lnDEBT 6.372647 0.143348 

Source: Authors’ calculations 

6. CONCLUSION AND POLICY IMPLICATIONS  

This study examines how debt and other key macroeconomic variables such as 
public expenditure, capital formation, inflation, trade openness, and foreign 
exchange reserves affect economic growth using the Bayer-Hanck cointegration 
test. To check the robustness of the model, we compare the results with ARDL 
bounds test results. The results of both analyses suggest that the variables are co-
integrated in the long run. Regarding the impact of explanatory variables on 
economic growth, we found that debt and inflation have a negative effect on 
economic growth. This is mainly due to the unproductive utilisation of funds 
raised through debt and delay in repayment of the debt liability resulting from 
high interest payments. As expected, trade openness, expenditure, and foreign 
exchange reserves have a significant negative effect on the growth of the Indian 
economy. Taking a cue from Aigheyisi (2013), irrational spending and 
unproductive utilisation could be among the reasons why public expenditure has 
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a negative effect on growth. Presumably, rising imports are a major reason for the 
negative impact of trade openness on economic growth in the long run. Not 
surprisingly, capital formation has a significant positive effect on growth. As 
explained by Gould (2003) and Prasad et al. (2007), with the enlargement of FXR 
the low absorption capacity of financial markets in emerging economies leads to 
rising inflation, fiscal costs, and imports, and later affects economic growth 
negatively. Moreover, India’s foreign exchange reserve has been continuously 
rising over the past decade, pushing it to rank fourth in the list of countries with 
the highest foreign exchange reserve holdings.  

The findings of our study have significant policy implications for the Indian 
economy, particularly in the context of the COVID-19 pandemic, which has 
resulted in a steep decline in economic growth and a subsequent rise in public 
debt. The empirical results of the Granger causality test indicate the presence of 
unidirectional causality running from debt to economic growth in the long run. 
Policymakers can take a more cautious approach by halting the rising debt and 
keeping to a sustainable growth path. Although for India the risk is not extremely 
severe, the unprecedented increase in public debt is a major cause for concern 
and poses a severe threat to achieving sustainable growth. We believe that timely 
implementation of policies to improve fiscal sustainability could help increase the 
country’s liquidity position. In addition, to have a positive impact on economic 
growth it is essential to utilise public debt productively. This study highlights the 
need for considering a threshold level of public debt beyond which the economy 
cannot acquire funds on credit. It is acknowledged that after a certain limit the 
increased debt could lead to a negative impact on economic growth. The 
government should focus on increasing its primary surplus so that debt servicing 
can be improved, and timely debt repayments can be made to avoid the burden 
of increased interest liabilities. Balanced policy changes can make achievable the 
government’s goal of reducing public debt to 40% by 2025. As our study is limited 
to India, future research could extend it to investigate the relationship between 
public debt and economic growth in the context of other developing economies.  
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APPENDIX A 

Heteroskedasticity test 

Heteroskedasticity Test: Breusch-Pagan-Godfrey 
F-statistic 0.499764  Prob. F(12,22) 0.8928 
Obs*R-squared 7.497216  Prob. Chi-Square(12) 0.8231 
Scaled explained SS 1.598005  Prob. Chi-Square(12) 0.9998 

 

APPENDIX B 

Autocorrelation test 

Breusch-Godfrey Serial Correlation LM Test: 
F-statistic 2.121603  Prob. F(1,21) 0.16 
Obs*R-squared 3.211547  Prob. Chi-Square(1) 0.0731 

 

APPENDIX C 

Granger Causality test 

 Null Hypothesis: F-Statistic Prob.  

 LNGFCF does not Granger-Cause LNGDP  1.01081 0.4038 
 LNGDP does not Granger-Cause LNGFCF  2.79738 0.0600 
 LNGFCE does not Granger-Cause LNGDP  0.41547 0.6639 
 LNGDP does not Granger-Cause LNGFCE  8.63400 0.0011 
 LNFER does not Granger-Cause LNGDP  4.38345 0.0217 
 LNGDP does not Granger-Cause LNFER  0.68322 0.5129 

 LNINF does not Granger-Cause LNGDP  9.27089 0.0097 
 LNGDP does not Granger-Cause LNINF  4.98649 0.0826 

 LNTO does not Granger-Cause LNGDP 3.15244 0.0321 
 LNGDP does not Granger-Cause LNTO 0.53593 0.7937 
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